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;h ' Abstract 



The paper discusses four approaches to the biextension of Chow groups and 
their equivalences. These are the following: an explicit construction given by 
S. Bloch, a construction in terms of the Poincare biextension of dual intermediate 
Jacobians, a construction in terms of iC-cohomology, and a construction in terms 
of determinant of cohomology of coherent sheaves. A new approach to J. Franke's 
■ Chow categories is given. An explicit formula for the Weil pairing of algebraic 

^ . cycles is obtained. 

^ ■ 

1 Introduction 

(N 

>■ ' One of the questions about algebraic cycles is the following: what can be associated in a 

. bilinear way to a pair of algebraic cycles {Z, W) of codimensions p and g, respectively, on 

T^ij- ! a smooth projective variety X of dimension d over a field k with p + q = d+1, i.e., what 

is an analogue of the linking number for algebraic cycles? This question arose naturally 
CN I from some of the approaches to the intersection index of arithmetic cycles on arithmetic 

^ ' schemes, i.e., to the height pairing for algebraic cycles. 

O ■ For homologically trivial cycles, a "linking invariant" was constructed by S. Bloch in 

[5] and [7] , and independently by A. Beilinson in [3] . It turns out that for an arbitrary 
' ground field k, this invariant is no longer a number, but it is a A;*-torsor, i.e., a set 

^ I with a free transitive action of the group k*. More precisely, in [7] a biextension P 

of (CifP(X)hom, CH'^{^)hom) by k* is constructed, where Cif^(X)hom is the group of 
codimension p homologically trivial algebraic cycles on X up to rational equivalence. 
This means that there is a map of sets 

a free action of k* on the set P such that vr induces a bijection 

P/k* = C/fP(X)hom X CH^iX)^^^, 



*The author was partially supported by the grants RFBR 08-01-00095, Nsh-1987.2008.1, and INTAS 
05-1000008-8118. 



1 



and for all elements a, P E C H^{X\o^, 1,^ ^ C-f^'^(-^)hom, there are fixed isomorphisms 

P{a,j) <S> -P(/3,7) — P{a+l3,-y) 
P{a,'r) ® P(a,S) — -P(a,7+<5) 

such that certain compatibility axioms are satisfied (see [9]). Here the tensor product is 
taken in the category of k*-toTSOYs and -P(*,*) denotes a fiber of P at (*, *) e Cif^(X)hom x 
Ci7'^(X)hom- In other words, the biextension P defines a bilinear pairing between Chow 
groups of homologically trivial cycles with value in the category of A;*-torsors. 

The biextension P generalizes the Poincare line bundle on the product of the Picard 
and Albanese varieties. Note that if the ground field is a number field, then each 
embedding of k into its completion fc„ induces a trivialization of the biextension log |P|„ 
and the collection of all these trivializations defines in a certain way the height pairing 
for algebraic cycles (see [5j). 

On the other hand, the biextension P of (Cif*'(X)hom, C'-f^'''(-'^)hom) by k* for p + g = 
c? + 1 is an analogue of the intersection index CH^ x CH'^{X) Z for p + q = d. There 
are several approaches to algebraic cycles, each of them giving its own definition of the 
intersection index. A natural question is to find analogous definitions for the biextension 
P. The main goal of the paper is to give a detailed answer to this question. Namely, 
we discuss four different constructions of biextensions of Chow groups and prove their 
equivalences. 

Let us remind several approaches to the intersection index and mention the cor- 
responding constructions of the biextension of Chow groups that will be given in the 
article. 

The most explicit way to define the intersection index is to use the moving lemma 
and the definition of local multiplicities for proper intersections. Analogous to this is the 
explicit definition of the biextension P given in [7]. 

If A; = C, one can consider classes of algebraic cycles in Betti cohomology groups 
H'^{X{C), Z) and then use the product between them and the push-forward map. Cor- 
responding to this in [7| it was suggested that for k = C, the biextension P should 
be equal to the pull-back via the Abel-Jacobi map of the Poincare line bundle on the 
product of the corresponding dual intermediate Jacobians. This was partially proved in 
[22] by using the functorial properties of higher Chow groups and the regulator map to 
Deligne cohomology. 

A different approach uses the Bloch-Quillen formula CH^{X) = if^(X, /Cp), the 
product between cohomology groups of sheaves, the product between ii'-groups, and the 
push-forward for i^-cohomology. Here JCp is the Zariski sheaf associated to the presheaf 
given by the formula U ^— Kp{U) for an open subset U <Z X. K corresponding approach 
to the biextension uses the pairing between complexes 

RV{X,lCp) X RV{X,lCq) k*[-d] 

ioi p + q = d+1. 

Finally, one can associate with each cycle Z = - riiZi an element [Oz\ = 
^nJO^.] G Kq{X) and to use the natural pairing on Kq{X), i.e., to define the in- 
tersection index by the formula rki?r(X, Oz ®o ^w)- Analogous to this one considers 
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the determinant of cohomology det-Rr(X, Oz ®Ox ^w) to get a biextension of Chow 
groups. This is a generahzation of what was done for divisors on curves by P. Dehgne 
in [11]. With this aim a new approach to J. Franke's Chow categories (see [I2]) is devel- 
oped. This approach uses a certain filtration "by codimension of support" on the Picard 
category of virtual coherent sheaves on a variety (see [TT]). 

One interprets the compatibility of the first definition of the intersection index with 
the second and the third one as the fact that the cycle maps 

CH'^iX) i7^^(X(C),Z), 

CH^{X)^H^P{X,lC,[-p]) 

commute with products and push-forwards. Note that the cycle maps are particular 
cases of canonical morphisms (regulators) from motivic cohomology to various cohomol- 
ogy theories. This approach explains quickly the comparison isomorphism between the 
corresponding biextensions. Besides this we give a more explicit and elementary proof 
of the comparison isomorphism in each case. 

Question 1.1. What should be associated to a pair of cycles of codimensions p, q with 
p + q = d + i,i>21 Presumably, when z = 2, one associates a i^'2(^)-gerbe. 

The paper has the following structure. Sections 12. 1112.31 contain the description of var- 
ious geometric constructions that are necessary for definitions of biextensions of Chow 
groups. In particular, in Section [23] we recall several facts from [T6] about adelic resolu- 
tion for sheaves of /^-groups. 

In Sections 13.11 and 13.21 general algebraic constructions of biextensions are discussed. 
In particular, we introduce the notion of a bisubgroup and give an explicit construction 
of a biextension induced by a pairing between complexes. Though these constructions 
are elementary and general, the author could not find any reference for them. As an 
example to the above notions, in Section 13.31 we consider the definition of the Poincare 
biextension of dual complex compact tori by C*. 

Sections 14.1114.41 contain the constructions of biextensions of Chow groups according 
to different approaches to algebraic cycles. In Section 14.11 we recall from [7j an explicit 
construction of the biextension of Chow groups. This biextension is interpreted in terms 
of the pairing between higher Chow complexes (Proposition 14.21) . as was suggested to the 
author by S.Bloch. In Section W?I\ for the complex base field, we consider the pull-back 
of the Poincare biextension of dual intermediate Jacobians (Proposition I4.3p . Section H73l 
is devoted to the construction of the biextension in terms of i^-cohomology groups and a 
pairing between sheaves of X-groups (Proposition 14.91) . We give an explicit description 
of this biextension in terms of the adelic resolution for sheaves of ii'-groups introduced 
in [TB]. In Section 113] we construct a filtration on the Picard category of virtual coherent 
sheaves on a variety (Definition I4.1UI) and we define the biextension of Chow groups in 
terms of the determinant of cohomology (Proposition 14.291) . In each section we establish 
a canonical isomorphism of the constructed biextension with the explicit biextension 
from [7] described firstly. In Sections 14.21 and 14.31 we give both explicit proofs and the 
proofs that use properties of the corresponding regulator maps. Finally, Section 1^3] gives 
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an explicit formula for the Weil pairing between torsion elements in CH*{X)^om- This 
can be considered as a generalization of the classical Weil's formula for divisors on a 
curve. Also, the equivalence of different constructions of biextensions of Chow groups 
implies the interpretation of the Weil pairing in terms of a certain Massey triple product. 

The author is deeply grateful to A. A. Beilinson, S. Bloch, A. M. Levin, A. N. Parshin, 
C. Soule, and V. Vologodsky for very stimulating discussions, and to the referee whose 
numerous suggestions helped improving the paper very much. In particular, the first 
proof of Proposition 14.91 was proposed by the referee. 

2 Preliminary results 

2.1 Facts on higher Chow groups 

All varieties below are defined over a fixed ground field k. For an equidimensional variety 
S, by Z^{S) denote the free abelian group generated by all codimension p irreducible 
subvarieties in 5*. For an element Z = ^riiZi G Zp{S), by \Z\ denote the union of 
codimension p irreducible subvarieties Zi in S such that rii ^ 0. Let S^^'' be the set of 
all codimension p schematic points on 5*. 

Let us recall the definition of higher Chow groups (see \^\). We put 
— {X]r=o^* — ^} A"'^^; note that A* is a cosimplicial variety. In particular, for 
each m < n, there are several face maps A™ A". For an equidimensional variety 
X, by ZP{X,n) denote the free abelian group generated by codimension p irreducible 
subvarieties in X x A" that meet the subvariety X x A"^ C X x A" properly for any 
face A'" C A". The simplicial group Z^{X, •) defines a homological type complex; 
by definition, CH^{X,n) = Hn{Z^{X,»)) is the higher Chow group of X. Note that 
CHP{X, 0) = CHP{X) and CH\X, 1) = k[X]* for a regular variety X (see op.cit.). For 
a projective morphism of varieties f : X Y , there is a push-forward morphism of 
complexes : ^^(X, •) ^ ^P+dim(y)-dim(x)(y^ 

For an equidimensional subvariety S C X, consider the sub complex 
Z^(X, •) C Z^(X, •) generated by elements from Zp(X, n) whose support meets the 
subvariety S x A™" C X x A" properly for any face A"^ C A". For a collection 
S = {Si . . . , Sr} of equidimensional subvarieties in X, we put Zg{X, •) = n[^]^Z^.(X, •). 
The following moving lemma is proven in Proposition 2.3.1 from [8] and in [21] : 

Lemma 2.1. Provided that X is smooth over k and either projective or affine, the 
inclusion Zg{X, •) C Z^{X, •) is a quasiisomorphism for any S as above. 

In particular. Lemma 12.11 allows to define the multiplication morphism 

m G Hom^-(^b)(ZP(X, .) ®^ Z''(X, .), ZP+«(X, .)). 

Recall that a cycle Z G Z^(X) is called homologically trivial if its class in the etale 
cohomology group (X-^, Z/(j9)) is zero for any prime / 7^ char(A;), where k is the 
algebraic closure of the field k. Note that when char(fc) = the cycle Z is homologically 
trivial if and only if its class in the Betti cohomology group H'^{X£, Z) is zero after we 
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choose any model of X defined over C. Denote by CiJ^(X)hom the subgroup in CHp{X) 
generated by classes of homologically trivial cycles. 
The following result is proved in [7], Lemma 1. 

Lemma 2.2. Let X be a smooth projective variety, tt : X — >■ Spec(A;) be the structure 
morphism. Suppose that a cycle Z G Z^{X) is homologically trivial; then the natural 

homomorphism CH'^+^-p{X, 1) "^^^ CH'^+^{X, 1) CH^{k, 1) = k* is trivial. 

Remark 2.3. The proof of Lemma [2.21 uses the regulator map from higher Chow groups 
to Deligne cohomology if the characteristic is zero and to etale cohomology if the char- 
acteristic is positive. 

Question 2.4. According to Grothendieck's standard conjectures, the statement of 
Lemma 12.21 (at least up to torsion in k*) should be true if one replaces the homolog- 
ical triviality of the cycle W by the numerical one. Does there exist a purely algebraic 
proof of this fact that does not use Deligne cohomology or etale cohomology? 

Remark 2.5. In Section 1^?^ we give an analytic proof of Lemma for complex varieties, 
which uses only general facts from the Hodge theory (see Lemma [4. 81) . 

2.2 Facts on i^i-chains 

Let X be an equidimensional variety over the ground field k. We put G^(X, n) = 
Kn{k{ri)) (in this section we use these groups only for n = 0,1,2). Elements of 

the group G^~^{X, 1) are called Ki-chains. There are natural homomorphisms Tame : 
GP-2(X,2) ^ GP-\X,1) and div : Gp-\X,1) Gp{X,0) = Zp{X). Note that div o 
Tame = 0. The subgroup Im(Tame) C Gp~^{X, 1) defines an equivalence on i^'i-chains; 
we call this a K 2- equivalence on i^i-chains. For a i^i-chain {/^} G C^^(X, 1), by 
Supp({/^}) denote the union of codimension p — 1 irreducible subvarieties r] in X such 
that fri ^ 1. 

Let 5" be an equidimensional subvariety; by G^^^(X, 1) denote the group of i^i-chains 
{fri} such that for any i] G X^p~^\ either = 1, or the closure rj and the support |div(/^)| 
meet S properly. For a collection 5 = {S*! . . . , S'r} of equidimensional subvarieties in X, 
we put G^f\X, 1) = n:^,G^-\X, 1). 

Define the homomorphism N : Z^(X, 1) Gp~^{X,1) as follows. Let Y be an 
irreducible subvariety in X x that meets properly both faces X x {(0, 1)} and X x 
{(1,0)} (recall that = {to + ti = 1} C A^). By px and p^^ denote the projections 
from X X A^ to X and A^, respectively. If the morphism px '■ Y —>■ X is not generically 
finite onto its image, then we put N{Y) = 0. Otherwise, let r] G X^*'"^^ be the generic 
point ofpxiY); we put = {px)*{P*Ai{ti/to)) e k{r]y and N{Y) = /, G Gp-\X,1). 
We extend the homomorphism N to Z^(X, 1) by linearity. 

Conversely, given a point r] G X^^'^^ and a rational function G k{r])* such that 
frj 7^ 1, let r(/^) be the closure of the graph of the rational map (1+7^) T+T^ ' ^ ""^ 
A^ C A^. This defines the map of sets F : Gp-\X, 1) Zp{X, 1) such that X o F is the 
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identity. For an element Y G Zp{X, 1), we have div(A^(F)) = d(Y) e Zp{X), where d 
denotes the differential in the complex Z^{X, •). 

Given an equidimensional subvariety S* C X, it is easy to check that r(G'^"'(X, 1)) C 
1) and iV(Z^(X, 1)) C G^'l^, 1). 

Lemma 2.6. Suppose that X is smooth over k and either projective or ajfine. Let 
S = {Si, . . . , Sr} be a collection of equidimensional closed subvarieties in X, {/^} G 
G^^^{X, 1) be a Ki-chain such that the support |div({/^})| meets Si properly for all i, 
1 < i < r; then there exists a Ki-chain {(7^} G 1) such that {g^} is K2-equivalent 

to {/,}. 

Proof. Denote by d the differential in the complex Zp{X, •). Since div({/^}) G Z^(X, 0), 
by Lemma 12.1^ there exists an element Y' G Zg{X,l) such that d{Y') = div({/^}) = 
d{T{{f^})). Again by Lemma [^TT| there exists an element Y" G Zg{X,l) such that 
d{Y") = and Y" + Y' - r({/J) = d{Y) for some Y G Zp{X, 2). 

Recall that {Nod){ZP{X, 2)) C Im(Tame) C G^'^X, 1), see [23], Remark on p. 13 for 
more details. Therefore, the Ki-chain {(7^} = N{Y" + Y') G G^^^(X, 1) is -ft'2-equivalent 
to {/,}. □ 

Corollary 2.7. In notations from Lemma \2.b\ let Z = div({/^}) and suppose that 
codim^(Z n Si) > Ui for all i, 1 < i < r (in particular, Ui < co(\im.x{Si)); then 
there exists a Ki-chain {(7^} G G^^^^X, 1) such that {gf^} is K2-equivalent to {/,,}, 
codimy(F fl Si) > rii for all i, 1 < i < r, where Y = Supp({(7^}), and for each 
rj G ZP~^{X), we have codimdiv{g^)(div((7,,) fl Si) > rii for alii, 1 <i < r. 

Proof. We claim that for each i, 1 < i < r, there exists an equidimensional subvariety 
S'^ C X of codimension rij such that S^ D Si and Z meets S'^ properly. By Lemma [221 
this immediately implies the needed statement. 

For each i, 1 < i < r, we prove the existence of S^ by induction on rij. Suppose that 
Ui = 1. Then there exists an effective reduced divisor H G X such that H D Si and H 
meets Z properly: to construct such divisor we have to choose a closed point on each 
irreducible component of Z outside of Si and take an arbitrary H that does not contain 
any of these points and such that H D Si. 

Now let us do the induction step from — 1 to nj. Let Si C X he an equidimensional 
subvariety that satisfies the needed condition for — 1. For each irreducible component 
of Si choose a closed point on it outside of Si. Also, for each irreducible component of 
Si O Z choose a closed point on it outside of Si. Thus we get a finite set T of closed 
points in X outside of Si. Let H he an effective reduced divisor on X such that H D Si 
and n T = 0; then we put = 5^ H if. □ 

Let be a codimension q cycle on X, Y he an irreducible subvariety of codimension 

d — q in X that meets \W\ properly, and let / be a rational function on Y such that 

div(/) does not intersect with \W\. We put /(F nW) = U Nmk(^ykif'^^'^''''Kx)), 

x£Yn\w\ 

where {Y, W; x) is the intersection index of Y with the cycle 1^ at a point x G F fl 
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Lemma 2.8. Let X be a smooth projective variety over k and let p + q = d+1; consider 
cycles Z G Zp{X), W G and K^-chams {/J G G\^\{X,l), {g^} G Gl~^{X,l) 

such that d\v{{f\}) = Z, div({^J) = W. Then we have U^fviv^^) = U^9d^^0- 

Proof. Note that the left hand side depends only in the i^'2-equivalence class of the 
/^i-chain {frj}- Therefore by Lemma we may assume that {/J G Cf'iX, 1), where 
S = {Supp({5(J),U^|div(5(^)|}. For each pair r] G^Supp({/^}), ^ G Supp({5(J), let C^^ 
be an irreducible component of the intersection fjCi^ and let ra^^ be the intersection index 
of the subvarieties r] and ^ at the irreducible curve C^^. By condition, for all ri,^,a as 
above, the restrictions f^^ = fri\c^^ and g^^ = g^\c^^ are well defined as rational functions 

on the irreducible curve C^^. It follows that friiv^^) = n?;^ a /^^('ii'^lfi'?^^))"''^! thus 
we conclude by the classical Weil reciprocity law for curves. □ 

Remark 2.9. The same reasoning as in the proof of Lemma [2.81 is explained in a slightly 
different language in the proof of Proposition 3 from [7j . 

Lemma 2.10. Let X be a smooth projective variety over k. Suppose that a cycle 
W G Z'^{X) is homologically trivial; then for any Ki-chain {/^} G G'J^,^'|'(X, 1) with 
div({/,}) = 0, we have Y[,^ fr,(j] ^W) = 1. 

Proof. By condition, r({/^}) G Z'^^'^^{X,1). Keeping in mind the exphcit formula for 
product in higher Chow groups for cycles in general position (see [^j), we see that 
((tt*) om)(r({/^}) ® W) G k* is well defined and coincides with W^friiji^ W). Hence 
we conclude by Lemma [2.21 □ 

Remark 2.11. \i q = d, then Lemma [2.101 is trivial. An elementary proof of Lemma [2. 101 
for the case q = 1 can be found in [T6] . 



2.3 Facts on the Abel— Jacobi map 

Notions and results of this section are used in Section 14.21 

Let X be a complex smooth variety of dimension d. By A\ denote the group of 
complex valued smooth differential forms on X of degree n. Let F^Ax be the subgroup 
in that consists of all differential forms with at least p ^^dzi" . If X is projective, 
then the classical Hodge theory implies H"-{FpAx) = F^if"(X, C), where we consider 
the Hodge filtration in the right hand side. 

Let be a closed subvariety in a smooth projective variety X; then the notation 
f] G -^iog^x\5 nieans that there exists a smooth projective variety X' together with a 
birational morphism f : X' ^ X such that D = f~^{S) is a normal crossing divisor 
on X', f induces an isomorphism X'\f~^{S) — > X\S, and f*ri G F^Ax/iD) , where 
Axr{D) is the group of complex valued smooth differential forms on X'\D of degree n 
with logarithmic singularities along D. Recall that any class in FpH^{X\S, C) can be 
represented by a closed form rj G -Piog^x\5 (^^^ PH]). 
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In what follows the variety X is supposed to be projective. By iJ*(X, Z) we often 
mean the image of this group in H*{X,C). Recall that the p-th intermediate Jacobian 
J'^p-^(^X) of X is the compact complex torus given by the formula 

J2p-i(x) = H^P'\X,C)/{H^''~\X,Z) + FPH^P-\X,C)) = 

= F^-P+iif2d-2p+i^^^ Cr/H2d^2p+l{X, Z). 

Let Z he a homologically trivial algebraic cycle on X of codimension p. Then there exists 
a differentiable singular chain F of dimension 2d — 2p + 1 with dV = Z, where d denotes 
the differential in the complex of singular chains on X. Consider a closed differential 
form uj G ^'^-p+i^^~2p+i^ easily checked that the integral JpO; depends only 

on the cohomology class [uj] G F'^-p+^H^'^-^p+\X, C) = H^d-2p+i ^^pd-p+i j^.^-^ ^_ rj.^^^ 
the assignment 

Z ^ {[lj] ^ f^u} 

defines a homomorphism AJ : ZP(X)hom J^^"^(X), which is called the Abel-Jacobi 
map. 

We give a slightly different description of the Abel-Jacobi map. Recall that there is 
an exact sequence of integral mixed Hodge structures: 

^ H'^-\X)ip) H'^-\X\\Z\)ip) ^ H2,-2pi\Z\) ^ H'^iX)ip). 

Recall that H2d-2p{\Z\) = ©iZ(0), where the sum is taken over all irreducible components 
in \Z\ = UjZj. Thus the cycle Z defines an element [Z] G F^H2d-2p{\Z\,C) with a 
trivial image in the group Z(p)). Hence there exists a closed differential form 

rj G Fj^gA^^^i such that 9^([(27ri)^?7]) = [Z]. The difference PD[r] — [rj] defines a unique 
element in the group H^P"\X,C), where PD : H^{X, \Z\;Z) H^'^-*{X\\Z\,Z) is the 
canonical isomorphism induced by Poincare duality. 

Lemma 2.12. The image of PD[r] — [r]] G H'^P'~^{X,C) in the intermediate Jacobian 
J^^^^(X) is equal to the image of Z under the Abel-Jacobi map. 

Proof. Consider a closed differential form uj G jrd,-p+i j^^d-'^p+i ^ Since dim(Z) = d — p, 
the form uj also defines the class [uj] G F'^-p+^H^'^-'^p+^{X, \Z\;C). Denote by 

(-, ■) : H*{X\Z, C) X H^'^-^X, \Z\;C) C 

the natural pairing. Then we have (PDfr] — [rj], [uj]) = {PD[T], [uj]) = f-pUj; this proves 
the needed result. □ 

Remark 2.13. It follows from Lemma [2. 121 that AJ{Z) = if and only if there exists an 
element a G FpH^p-\X\\Z\,C) n H^P^\X\\Z\,Z{p)) such that dz{a) = [Z]. 

Example 2.14. Suppose that X = P\ Z = {0} - {oo}. Let z be a coordinate on 
and r be a smooth generic path on such that dT = {0} — {oo}; then we have 
a=[!^]= 2mPD[T] G F'^H\X\\Z\,C) n H\X\\Z\, Z{1)) and dzia) = Z. 
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Lemma 2.15. Suppose that the cycle Z is rationally trivial; then AJ{Z) = 0. 

Proof 1. By linearity, it is enough to consider the case when Z = div(/), / G C{Y)*, 
y C X is an irreducible subvariety of codimension p — 1. Let Y be the closure of the 
graph of the rational function / : F --^ and let p : Y ^ X he the natural map. In 
^17j it was shown that the following map is holomorphic: 

<^ : pi _ J^P-\X), z ^ AJipJ-\{z} - {oo})); 

therefore cp is constant and AJ{Z) = (p{0) = {0}. 

Proof 2. Let a be as in Example then by Lemma EHZ] with Xi = P\ X2 = X, 
C = Y,Zi = {0,00}, W2 = 0, we have [Y]*a G FPH^P-\X\\Z\X)r]H^'"\X\\Z\,Z{p)) 
and (9z([^]*tt) = Z] thus we conclude by Remark [2.131 □ 

Remark 2.16. If there is a differentiable triangulation of the closed subset p(/~^(7)) C 
X, then we have a well defined class [p(/~H7))] ^ H2d-2p+i{X,\Z\]Z) and a = 
i2myPD[p{f-\j))]. 

In particular, we see that the Abel-Jacobi map factors through Chow groups. In 
what follows we consider the induced map A J : CHP{X)^om ^ J^^~^(X). 

In the second proof of Lemma [2.151 we have used the following simple fact. Let Xi 
and X2 be two complex smooth projective varieties of dimensions di and d2, respectively. 
Suppose that C C Xi x X2, Zi C Xi, and W2 C Z2 are closed subvarieties; we put 
Z2 = 7i2{7i^\Zi) nC),Wi = TTi (712-^(1^2) n C), where vr^ : Xi x X2 ^ Xi, i = l,2 denote 
the natural projections. 

Lemma 2.17. (i) Let c be the codimension of C in Xi x X2; then there is a natural 
morphism of integral mixed Hodge structures 

[Cr : H*iX^\Z,, W,) ^ /7*+2-2<ii(X2\Z2, W^2)(c - d,). 

(a) Fori = 1,2, let Pi be the codimension of Zi in Xi. Suppose that C meets 7rf^(Zi) 
properly, the intersection vrf ^(Zi) fl 1X2^ {W2) nC is empty, and pi + c — di = P2; 
then Z\ n W\ = Z2 fl W2 = and the following diagram commutes: 

H^P^-\X^\Z,, W,)ipi) H2d,-2p,{Zi) = Z\Z^) ® Z(0) 

H^P--\X2\Z2, W2){P2) H2d,-2rn{Z2) = Z\Z2) ® Z(0), 

where the right vertical arrow is defined via the corresponding natural homomor- 
phisms of groups of algebraic cycles. 

Proof. The needed morphism [C]* is the composition of the following natural morphisms 

H*{X^\Z,,Wl) ^ H*{{Xi X X2)\n^\Z^),7l,\W2) n C) ^ 
^ Kvhiz.fi^^ X X2)Vi\Z,),n,\W2) n C){c) = 
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= i^2di+2d.-*-2c(C\7r2-i(1^2),7rri(Zi) nC) = 

= Kthz.)^^^' ^ X,)\in^\Zi)nC),7r,\W2))ic) - 

^ H*+'%{Xi X X2)\{n^\Zi) n r), 7r2-i(W^2))(c) ^ /J^+^^-^d, (^^^^^^ ^^^(^ _ ^^^^ 

where the first morphism is the natural pull-back map, the second one is multiplication 
by the fundamental class [C] G H'^{Xi x X2)(c), the equalities in the middle follow 
from the excision property, and the last morphism is the push-forward map. The second 
assertion follows from the commutativity of the following diagram: 

iJ*((Xi X X2)\{'K^\z{) n C), Ti:,\W2)) ^ i^2d,+2d.-i-*(vrr'(^i) n C){-c - pi) 
[ [ 

H*-'''^{X2\Z2,W2){-di) ^ H2d,+2d,-l-*{Z2){~C-pi). 

□ 



2.4 Facts on A'-adeles 

Notions and results of this section are used in Section 14.31 

Let X be an equidimensional variety over the ground field k. Let /C„ be the sheaf 
on X associated to the presheaf given by the formula U t— > Kn{U), where Kn{—) is the 
Quillen i^-group and U is an open subset in X. Zariski co homology groups of the sheaves 
/C„ are called K-cohomology groups. When it will be necessary for us to point out the 
underline variety, we will use notation for the defined above sheaf /C„ on X. 

Recall that in notations from Section \2.2\ for all integers n > l,p > 0, there are 
natural homomorphisms d : Gp(X, n) — > (^^^^(X, n — 1) such that = 0. Thus for each 
n > 0, there is a complex Gers(X, n)*, where Gers{X,ny = GP{X,n — p); this complex 
is called the Gersten complex. Note that the homomorphisms d : G^~^{X, 1) — >■ G^{X, 0) 
and d : G^~^(X, 2) — > G^^^{X, 1) coincide with the homomorphisms div and Tame, re- 
spectively. For a projective morphism of varieties f : X ^ Y, there is a push-forward 
morphism of complexes : Gers{X,n)* Gers{Y,n + dim(y) — dim(X))*[dim(y) — 
dim(X)]. 

In what follows we suppose that X is smooth over the field k. By results of Quillen 
(see ^7\), for each n > 0, there is a canonical isomorphism between the classes of the 
complexes G'ers(X, n)* and i?r(X, /C„) in the derived category D''{Ab). In particular, 
there is a canonical isomorphism H^{X, JCp) = CH^{X) for all p > 0. The last statement 
is often called the Bloch-Quillen formula. 

There is a canonical product between the sheaves of if-groups, induced by the prod- 
uct in iiT-groups themselves. However, the Gersten complex is not multiplicative, i.e., 
there is no a product between Gersten complexes that would correspond to the product 
between sheaves /C„: otherwise there would exist an intersection theory for algebraic cy- 
cles without taking them modulo rational equivalence. Explicitly, there is no a morphism 
of complexes 

Gers(X, m)' ®i Gers(X, n)' Gers{X, m + n)' 
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that would correspond to the natural product between cohomology groups 

Therefore if one would like to work explicitly with the pairing of objects in the derived 
category 

i?r(x, /c„) 0i RTix, /c„) i?r(x, /c„+„), 

then a natural way would be to use a different resolution rather than the Gersten com- 
plex. There are general multiplicative resolutions of sheaves, for example a Godement 
resolution, but it does not see the Bloch-Quillen isomorphism. In particular, there is no 
explicit quasiisomorphism between the Godement and the Gersten complexes. 

In [16| the author proposed another way to construct resolutions for a certain class 
of abelian sheaves on smooth algebraic varieties, namely, the adelic resolution. This 
class of sheaves includes the sheaves /C„. It is multiplicative and there is an explicit 
quasiisomorphism from the adelic resolution to the Gersten complex. 

Remark 2.18. Analogous adelic resolutions for coherent sheaves on algebraic varieties 
have been first introduced by A. N. Parshin (see in the two-dimensional case, 

and then developed by A. A. Beilinson (see [Tj) and A. Huber (see [19]) in the higher- 
dimensional case. 

Remark 2.19. When the paper was finished, the author discovered that a similar but more 
general construction of a resolution for sheaves on algebraic varieties was independently 
done in [U Section 4.2.2] by A. A. Beilinson and V. Vologodsky. 

Let us briefly recall several notions and facts from [16j. A non-degenerate flag of 
length p on X is a sequence of schematic points tiq . . .rjp such that rji^i G fj^ and r/j+i ^ rji 
for all i, < i < p — 1. For n,p > 0, there are adelic groups 

A(X,/C„r c n Kn{Ox,J, 

VO-Vp 

where the product is taken over all non-degenerate flags of length p, Ox,r]o is the local 
ring of the scheme X at a point ?7o, and the subgroup A(X, /C„)^ is defined by certain 
explicit conditions concerning "singularities" of elements in /^-groups. Elements of the 
adelic groups are called K-adeles or just adeles. Explicitly, an adele / G A(X, /C„)^ is a 
collection / = {fr,o...nv} elements frio...vp ^ Kn{Ox,r]o) that satisfies certain conditions. 

Example 2.20. If X is a smooth curve over the ground field k, then 

A(X,/C„)° = K^{k{X)) X H KrriOx,.), 

where the product is taken over all closed points x G X, and an adele / G A(X, /Cn)^ 
is a collection / = {fxx}, fxx £ Kn{k{X)), such that fxx G Kn{Ox,x) for almost all 
X E X (this is the restricted product condition in this case). The apparent similarity 
with classical adele and idele groups explains the name of the notion. 
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There is a differential 

rf: A(X,/C„r^A(X,/C„r+i 

defined by the formula 

p 

i'^f)vo---Vp ~ ^ ] (~'-^) /»?o...r)i...»7p' 
i=0 

where the hat over rji means that we omit a point rji. It can be easily seen that d'^ = 0, 
so one gets an adelic complex A(X, /C^)*. There is a canonical morphism of complexes 
ux '■ A(X, /C„)' Gers{X,n)'. There is also an adelic complex of flabby sheaves 
A(X, /C„)* given by the formula A(X, KnYiJJ) = A{U, ICnY and a natural morphism of 
complexes of sheaves /C„[0] A(X, /Cri)*- 

In what follows we suppose that the ground field k is infinite and perfect. 

Lemma 2.21. ( fT^ Theorem 3.34]) The complex of sheaves A{X,ICny is a flabby res- 
olution for the sheaf Kn . The morphism ux is a quasiisomorphism; in particular, this 
induces a canonical isomorphism between the classes of the complexes A(X, /Cn)* one? 
-Rr(X, /C„) in the derived category D^{Ab). 

In particular, there is a canonical isomorphism 

The main advantages of adelic complexes are the contravariancy and the multiplica- 
tivity properties. 

Lemma 2.22. Remark 2.12]) 

(i) Given a morphism f : X Y of smooth varieties over k, for each n > 0, there is 
a morphism of complexes 

r : A(r,/Cr)--A(X,/C^r; 

this morphism agrees with the natural morphism 

Hom£)6(_4t)(_Rr(y, /*/C;f ), i?r(X, /C;^)) and the morphism /C^ f*^n of sheaves 
on Y . 

(a) For allp,q > 0, there is a morphism of complexes 

m : A(X, /Cp)' ® A(X, /C,)' ^ A(X, /Cp+,)'; 

this morphism agrees with the multiplication morphism 

m e Hom^fc(^6)(i?r(X, )Cp) ®k RT{X, /C,), RT{X, /Cp+,)). 
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In what follows we recollect some technical notions and facts that are used in calcu- 
lations with elements of the adelic complex. The idea is to associate with each cocycle 
in the Gersten complex, an explicit cocycle in the adelic resolution with the same class 
in i^-cohomology. The adelic cocycle should be good enough so that it would be easy to 
calculate its product with other (good) adelic cocycles. This allows to analyze explicitly 
the interrelation between the product on complexes i?r(X, /C„) and the Bloch-Quillen 
isomorphism. 

For any equidimensional subvariety Z G X of codimension pin X, there is a notion of 
a patching system {Z^'^}, 1 < r < p—1 for Z on X , where Z^ and Z^ are equidimensional 
subvarieties in X of codimension r such that the system {Z}'"^} satisfies certain properties; 
in particular, we have: 

(i) the varieties Zl and Z"^ have no common irreducible components for all r, 1 < r < 
p-l] 

(ii) the variety Z is contained in both varieties Zp_i and Zp_i, and the variety Z} U Z^ 
is contained in both varieties Z^-i ^'^d ^r-i all r, 2 < r < p — 1. 

Remark 2.23. What we call here a patching system is what is called in [16j a patching 
system with the freedom degree at least zero. 

Lemma 2.24. Remark 3.32]) 

(i) Suppose that Z G X is an equidimensional subvariety of codimension p in X ; then 
there exists a patching system {Z^'"^}, 1 < r < p — 1 for Z on X such that each 
irreducible component of Zp_i and Zp_i contains some irreducible component of Z 
and for any r,l<r<p — 2, each irreducible component of Z} and Z^ contains 
some irreducible component of Z^j^^ U Z^+i/ 

(ii) given an equidimensional subvariety W G X that meets Z properly, one can require 
in addition that no irreducible component of W (1 Z}. is contained in Z^ for all r , 
\ <r < p — \. 

Remark 2.25. If an equidimensional subvariety W G X meets Z properly and the patch- 
ing system {Z}'"^} satisfies the condition {i) from Lemma [2.241 then W meets properly 
for i = 1,2 and all r, 1 < r < p — 1. 

Suppose that {/,,} e Gers{X,ny is a cocycle in the Gersten complex and let Z be 
the support of {frj}- Given a patching system Z^'^, 1 < r < p — 1 for Z on X, there is a 
notion of a good cocycle [{frj}] G A(X, /Cn)^ with respect to the patching system {Z^'^}. 
In particular, we have d[{f^}] = 0, i^x[{frj}] = {/r,}, and iulifr,}] = G A(f/, /C„)p, 
where iu : U = X\Z "-^ X is the open embedding. Thus the good cocycle [{frj}] is 
a cocycle in the adelic complex A(X, /C„)*, which represents the cohomology class in 
HP{X,)Cn) of the Gersten cocycle {/r,}- In addition, [{/r,}] satisfies certain properties 
that allow to consider explicitly its products with other cocycles. 

Lemma 2.26. ([M Claim 3.47]) Let {f^}, Z, and {Z}'^}, l<r<p-lbeas above; 
then there exists a good cocycle for {/^} with respect to the patching system Z^'^. 



13 



Consider a cycle Z G Z'^{X)\ suppose that a Ki-chain {/^} G ^(X, 1) is such that 
div({/^}) = Z and a i^'-adele [Z] G A(X, /Cp)^ is such that d\Z\ = 0, z/x([Z]) = Z, and 
= G A{U,ICp)P, where % : ?7 = X\|Z| ^ X is the open embedding. 

Lemma 2.27. (IT^ Lemma 3.48]) In the above notations, let Y = Supp({/^}) and let 
{Yj-''^} be a patching system for Y on X ; then there exists a K-adele [{fq}] G A(X, ICpY'^ 
such that d[{fn}] = [Z], i^x[{fr]}] = {fri}, and iuHfr]}] G A{U, JCpY"^ is a good cocycle 
with respect to the restriction of the patching system {Y^'"^} to U . 

For a cycle Z G let {Z}:"^}, l<r<p— Ibea patching system for \Z\ on 

X and [Z] G A(X, K,pY be a good cocycle for Z with respect to the patching system 

Given a i^i-chain {/J G ^^(X, 1) with support on \Z\ and div({/J) = 0, let 
[{fz}] G A(X, p + ly be a good cocycle for {/^j with respect to the patching system 

Let 1 < s < g - 1, [W], and [{c/^}] G A(X,g + 1)"? be the analogous 

objects for a cycle W G Z'^i^X) and a /Ti-chain {(^tt.} G G'''(X, 1) with support on \W\ 
and divd^f^}) = 0. 

Lemma 2.28. ( JT^ Theorem 4-^^]) IiT' the above notations, suppose that p + q = d, 
\Z\ meets \W\ properly, the patching systems {Z^'^l '^'^'^ {^i'^} satisfy the condition (i) 
from Lemma \2.24\ and that the patching system {W}'"^} satisfies the condition (ii) from 



Lemma \2. 24\ with respect to the subvariety \Z\. Then we have 



® [{g^m = n j e g\x, i), 

u,gVK(0) 

where {z, W; x) is the intersection index of the subvariety z with the cycle W at a point 
X G X*^*^) (the same for {Z,w; x) ). 

2.5 Facts on determinant of cohomology and Picard categories 

Notions and results of this section are used in Section 14.41 

Let X be a smooth projective variety over a field k. Given two coherent sheaves 
and ^ on X, one has a well-defined fc*-torsor det RV{X,T®^ ^)\{0}, where deiiV') = 

®j6z det*-"^'' H'^{V') for a bounded complex of vector spaces V*. We will need to study 
a behavior of this A;*-torsor with respect to exact sequences of coherent sheaves. With 
this aim it is more convenient to consider a Z-graded /c*-torsor 

{J^,g) = (rki?r(X,.F®^^ g),detRT{X,T0^^ G)\{0}) 

and to use the construction of virtual coherent sheaves and virtual vector spaces. 

Recall that for any exact category C, P. Deligne has defined in [11] the category of 
virtual objects VC together with a functor 7 : Cj^o VC that has a certain universal 
property, where Ciso is the category with the same objects as C and with morphisms 
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being all isomorphisms in C. The category VC is a Picard category: it is non-empty, 
every morphism in VC is invertible, there is a functor + : VC x VC —>■ VC such that 
it satisfies some compatible associativity and commutativity constraints and such that 
for any object L in VC, the functor (■ + L) : VC VC is an autoequivalence of VC 
(see op.cit.)0. In particular, this implies the existence of a unit object in any Picard 
category. 

Explicitly, the objects of VC are based loops on the if -space BQC and for any two 
loops 7i, 72 on BQC, the morphisms in Homyc(7i,72) are the homotopy classes of 
homotopies from 71 to 72. For an object E in C, the object 'j{E) in VC is the canonical 
based loop on BQC associated with E. By [E] denote the class of E in the group Kq{C). 
Note that [E] = [E'] if and only if there is a morphism between '~f{E) and 7(-E') in VC. 
Moreover, an exact sequence in C 

0^ E' ^ E ^ E" ^0 

defines in a canonical way an isomorphism in VC 

^{E')+^{E")^^{E). 

Furthermore, there are canonical isomorphisms T^iiVC) = Ki{C) for i = 0,1 and TTi{VC) = 
for i > 1. 

Let us explain in which sense the functor 7 : Ciso —>■ VC is universal. Given a Picard 
category V, consider the category Det(C,'P) of determinant functors, i.e., a category of 
pairs {6, D) , where 5 : Ciso V is a, functor and a Z) is a functorial isomorphism 

: 6{E') + 6{E") 6{E) 

for each exact sequence 

E-.O^ E' ^ E ^ E" ^0 

such that the pair {6, D) is compatible with zero objects, associativity and commutativity 
(see op.cit., 4.3). Note that Det(C,'P) has a natural structure of a Picard category. 

For Picard categories V and Q, denote by Fun^('P, Q) the category of symmetric 
monoidal functors F : V ^ Q. Morphisms in Fun^('P, Q) are monoidal morphisms 
between monoidal functors. Denote by : P — > Q a functor that sends every object 
of V to the unit object in Q and sends every morphism to the identity. Note that 
Fun^(P, Q) has a natural structure of a Picard category. The universality of VC is 
expressed by the following statement (see op.cit., 4.4). 

Lemma 2.29. For any Picard category V and an exact category C, the composition with 
the functor 7 : C — > VC defines an equivalence of Picard categories 

¥nn+{yC,V) Det(C,P). 

^In op.cit. this notion is called a commutative Picard category; since we do not consider non- 
commutative Picard categories, we use a shorter terminology. 
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By universality of VC, the smallest Picard subcategory in VC containing 'y{Ciso) is 
equivalent to the whole category VC. 

Example 2.30. Let us describe explicitly the category VM.ki where JV[^ is the exact 
category of finite-dimensional vector spaces over a field k (see op.cit., 4.1 and 4.13). 
Objects of VM.k are Z-graded /c*-torsors, i.e, pairs where / G Z and L is a k*- 

torsor. For any objects (/, L) and (m, M) in VA4k, we have HomvA4j,((/, L), (m, M)) = 
if / 7^ m, and HomvA4fc((^) L), (m, M)) = Hom^. (L, M) if / = m. The functor {Aik)iso 
VAik sends a vector space V over k to the pair {Tkk{V) , detk{V)\{0}) . We have 

(/, L) + (m, M) = {l + m,L® M) 
and the commutativity constraint 

(/,L) + (m,M) = (m, M) + (/,L) 
is given by the formula u®v^ {—lY^v ® u, where u & L, v & M. 

Given exact categories C, C, S, and a biexact functor C x C S, one has a corre- 
sponding functor G : VC x VC VS, which is distributive with respect to addition in 
categories of virtual objects: for a fixed object L in VC or M in VC, the functor G{L, M) 
is a symmetric monoidal functor and the choices of a fixed argument are compatible with 
each other (see op.cit., 4.11). A distributive functor is an analog for Picard categories of 
what is a biextension for abehan groups (see Section 13. ip . 

Now let A4x, "Px, and V'x denote the categories of coherent sheaves on X, vector 
bundles on X, and vector bundles E on X such that H^{X, E) = for i > 0, respectively. 
The natural symmetric monoidal functors VVx VAix and VV'x VVx are equiva- 
lences of categories, see op.cit., 4.12. A choice of corresponding finite resolutions for all 
objects gives inverse functors to these functors. Thus, there is a distributive functor 

(-, ■) : VMx X VMx = VVx X VVx ~^ VVx = VV'x ^ VMk. 

There is a canonical isomorphism of the composition (-, ■) o 7 : (A^x)iso x (A^x)iso 
VAik and the previously defined functor 

{T,g) = irkRT{X,T(g)^^ g),detRT{X,T^^^ G)\{0}) 

By Lemma r2.29l the last condition defines the distributive functor (-, ■) up to a unique 
isomorphism. 

In Section 14.41 we will need some more generalities about Picard categories that we 
describe below. For Picard categories Vi and V2, denote by Distr('Pi, P2; Q) the cat- 
egory of distributive functors G : Vi x V2 ^ Q- Morphisms between G and G' in 
Distr(Pi, 7^2; Q) are morphisms between functors such that for a fixed object L in Vi 
or M in V2, the corresponding morphism of monoidal functors G{L, M) G'{L, M) is 
monoidal. Denote by : Pi x P2 ^ Q a functor that sends every object of Vi x V2 to 
the unit object in Q and sends every morphism to the identity. As above, the category 
Distr(Pi, 7^2; Q) has a natural structure of a Picard category. 

We will use quotients of Picard categories. 
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Definition 2.31. Given a functor F in Fun^(P',P), a quotient V jV is tiic following 
category: objects of V jV are the same as in P, and morphisms are defined by the 
formula 

Homp/p/(L, M) = cohm^g06(P')^'^"^^(-^' ^ + -^(-^))' 

i.e., we take the cohmit of the functor V — > Sets^ K i— > Homp(L, M + F{K)). The 
composition of morphisms / e Hom-p/-p/(L, M) and e Hom-p/-p/(M, A?") is defined as 

follows: represent / and g by elements / G Hom-p(L, M + F(Ki)) and ^ e Hom-p(M, A'^ + 
F(ir2)), respectively, and take the composition 

(g + idpiK,)) o / e Homp(L, N + F(iri) + F{K2)) = Homp(L, iV + F{K^ + K^)). 
Remark 2.32. 

(i) Taking a representative K e Oh{V') for each class in 7ro(P'), we get a decomposition 

Homp/p,(L,M) = ]J Homp(L, M + F(i^) )/7ri(P'), 

mG7ro(P') 

where Tii{V') acts on Homp(L, M + F{K)) via the second summand and the iden- 
tification 7ri(P') = Homp/(X, X). 

(ii) A more natural way to define a quotient of Picard categories would be to consider 
2-Picard categories instead of taking quotients of sets of morphisms (or, more 
generally, to consider homotopy quotients of oo-groupoids) ; the above construction 
is a truncation to the first two layers in the Postnikov tower of the "right" quotient. 

Let us consider a descent property for quotients of Picard categories. 

For a symmetric monoidal functor F : V' ^ V and a Picard category Q, consider a 
category Fun J (7^, Q), whose objects are pairs {G, ^'), where G is an object in Fun^{V, Q) 
and : G o F — > is an isomorphism in Fun'^(7'', Q). Morphisms in PunJ(P, Q) are 
defined in a natural way. Note that FunJ(P, Q) is a Picard category. 

Analogously, for two symmetric monoidal functors of Picard categories Fi : V[ Vi, 
F2 : V2 ^ 'P2, and a Picard category Q, consider a category DistY(^p-^ p^)(Vi,V2',Q), 
whose objects are triples {G, "if 1,^^/2), where G is an object in Distr(Pi, Q), '■ 
G o (Fi X Id) — > 0, i = 1, 2, are isomorphisms in Distr(7'-, Vs-i] Q) such that 

*i o (Id X F2) = ^2 (Fi X Id) e Hom(G' o (Fi x F2), 0), 

where morphisms are taken in the category Distr(P{, Q)- Morphisms in 
Distr(j7'j j7'2)(Pi, P2; Q) are defined in a natural way. Note that Distr(i?j^i?2)(^i) ^2; Q) 
is a Picard category. 

Lemma 2.33. 

(i) The category V /V inherits a canonical Picard category structure such that the 
natural functor P : P — > V/V is a symmetric monoidal functor. 
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(a) There is an exact sequence of abelian groups 

vri(P') -> 7ri(P) ^ MV/V) ^ MV) ^ MV) ^ 7ro(P/P') ^ 0. 

(in) The composition of functors with P defines an isomorphism of Picard categories 

Fun+(V/V', Q) Fun+(P, Q). 

(iv) The composition of functors with Pi x P2 defines an isomorphism of Picard cate- 
gories 

Distr(Pi/P(,P2/P2; Q) ^ Fun+^^^^)(Pi,P2; Q). 

Proof, (i) Let L, M be objects in V/V; by definition, the sum L + M in V /V is equal 
the sum of L and M as objects of the Picard category V. The commutativity and 
associativity constraints are also induced by that in the category V. The check of the 
needed properties is straightforward. 

(ii) Direct checking that uses an explicit description of morphisms given in Re- 
mark EMi). 

(iii) Let H : V/V ^ Q be a symmetric monoidal functor and let K be an object 
in v. There is a canonical morphism F{K) — > in V/V given by the morphism 
F{K) — >■ F{K) in V; this induces a canonical morphism {H o P o F){K) — in Q and 
an isomorphism of symmetric monoidal functors "^-.HoPoP^O. Thus the assignment 
H ^ {H o P,^) defines defines a functor Fun+(P/P', Q) Fun+(P, Q). 

Let {G,"^) be an object in FunJ(P, Q). We put H{L) = G{L) for any object L in 
V/V . Let / : L — *^ M be a morphism in V/V represented by a morphism f : L —>■ 
M + F{K) in V. We put H{f) to be the composition 

H{L) = G{L) ^ G{M) + {Go F){K) "^""^'f}^^^^ g{M) = H{M). 

This defines a symmetric monoidal functor H : V/V —>■ Q. The assignment {G, \—>- H 
defines an inverse functor Fun^('P, Q) — > Fun^{V/V , Q) to the functor constructed 
above. 

(iv) The proof is completely analogous to the proof of (iii). □ 

For an abelian group A, denote by Picard(y4) a Picard category whose objects are 
elements of A and whose only morphisms are identities. 

Example 2.34. 

(i) Let V he a. Picard category and let 0-p be a full subcategory in V, whose only 
object is 0; then the natural functor V/O-p Picard (7ro(P)) is an equivalence of 
Picard categories. 

(ii) Let A' be an abelian Serre subcategory in an abelian category A; then the natural 
functor VA/VA' — > V{A/ A!) is an equivalence of Picard categories. This follows 
immediately from the 5- lemma and Lemma [2.331 (ii). 
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For an abelian group A^, denote by Ntors the Picard category of A^-torsors. Note that 
for abehan groups A, B, a biextension of [A, B) by N is the same as a distributive functor 
Picard(A) x Picard(i?) — > Ntors- Let "Pi, V2 be Picard categories, P be a biextension of 
(7ro('Pi), vro(P2)) by A^. Then P naturally defines a distributive functor Gp : Pi x ^ 

Ntors ■ 

Combining Lemma F2.33( iv) and Example I2.34( i). we get the next statement. 

Lemma 2.35. A distributive functor G : Vi x V2 ^ Ntors is isomorphic to the functor 
Gp for some biextension P of {noiVi) , 7Tq(V2)) by N if and only if G^.{nQ(Vi) x 711(7^2)) = 
G',(7ri(Pi) X 7io{V2)) = OeN = ^r^iNt^rs)■ 

3 General facts on biextensions 
3.1 Quotient biextension 

For all groups below, we write the groups law in the additive manner. For an abelian 
group A and a natural number / G Z, let Ai denote the /-torsion in A. 

The notion of a biextension was first introduced in [25; see more details on biexten- 
sions in [9j and p8]. Recall that the set of isomorphism classes of biextensions of {A, B) 
by is canonically bijective with the group Ext^^(y4 ®^ B, N) for any abelian groups 
A, B, and A^, where Ab is the category of all abelian groups. 

Let us describe one explicit construction of biextensions. As before, let A and B be 
abelian groups. 

Definition 3.1. A subset T G A x B is a bisubgroup if for all elements (a, 6), {(i,b'), 
and (a', b) in T, the elements (a + a', b) and (a, b + b') belong to T. For a bisubgroup 
T d A X B and an abelian group A^, a bilinear map ip : T ^ N is a map of sets such 
that for all elements (a, b), (a, b'), and (a', b) in T, we have ■ip{a, b) + 4'{ci', b) = ip{a + a', b) 
and ip{a, b) + ip{a, b') = ipi^a, b + b'). 

Suppose that T C A x i? is a bisubgroup and ip^ '■ A ^ A', ipB ■ B ^ B' are 
surjective group homomorphisms such that {(fA x Vb){T) = A' x B'. Consider the set 

S = Tn (Ker(yPA) x BUAx Ker(v?B)) C A x B; 

clearly, S" is a bisubgroup in A x B. Given a bilinear map ip : S N, let us define an 
equivalence relation on A^ x T as the transitive closure of the isomorphisms 

Nx{{a,b)} Nx{{a + a\ 6)}, 

AT X {(a, 6)} N x{{a,b + b')] 

for all (a, b) E T and (a', b), (a, b') G S. It is easy to check that the quotient P^ of N xT 
by this equivalence relation has a natural structure of a biextension of {A', B') by A^. 
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Remark 3.2. Suppose that we are given two bisubgroups T2 C Ti in Ax B satisfying the 
above conditions; if the restriction of ipi to S2 is equal to ip2, then the biextensions P^-^ 
and canonically isomorphic. 

Remark 3.3. Suppose that we are given two bihnear maps -01, -02 : 'S' — > A^. Let (f) : T ^ 
N he a bihnear map that satisfies ipi — 0|s + '02; then the multiphcation by defines 
an isomorphism of the biextensions P^^ and P^^ of {A', B') by N. 

Remark 3.4. There is a natural generalization of the construction mentioned above. 
Suppose that we are given a biextension Q of (A, B) by N and surjective homomorphisms 
(fA : A ^ A', ifB '■ B ^ B' . Consider the bisubgroup S = Ker((y9^) x B U A x Ker{(fB) 
in A X B; a bilinear map (in the natural sense) ip : S —>■ Q is called a trivialization 
of the hiextension Q over the bisubgroup S. The choice of the trivialization ip : S ^ Q 
canonically defines a biextension P of {A', B') by N such that the biextension x</?b)*-P 
is canonically isomorphic to the biextension Q (one should use the analogous construction 
to the one described above). 

Now let us recall the definition of a Weil pairing associated to a biextension. 

Definition 3.5. Consider a biextension P of {A, B) by N and a natural number I e N, 
I > 1; for elements a G Ai, b G Bi, their Weil pairing (f)i{a, b) G Ni is the obstruction to 
a commutativity of the diagram 

p, , pAl 

T/3 T7 
-P(0,0) Pila,b) , 

where arrows are canonical isomorphisms of iV-torsors given by the biextension structure 
on P: (l)i{a, b) = 70^ — q;o/3. 

It is easily checked that the Weil pairing defines a bilinear map (pi : Ai x Bi ^ Ni. 

Remark 3.6. There is an equivalent definition of the Weil pairing: an isomorphism class 
of a biextension is defined by a morphism A ®^ 1] — >■ iV in D'^i^Ab), and the corre- 
sponding Weil pairing is obtained by taking the composition 

®i{Ai ® Bi) ^ Tor? (^, B)^A®i B[-l] ^ TV. 

Lemma 3.7. Let <pA'A^A',ipB'B^B',T(lAxB, and ip : S ^ N be as above. 
Consider a pair (a, b) & T such that (fiAilo) — and (psilb) — 0; then we have 

(pi{(pA{a), (psib)) = tpila, b) - ipi^a, lb), 

where (pi denotes the Weil pairing associated to the bieoctension P of {A', B') by N induced 
by the bilinear map ip : S ^ N. 

Proof. By construction the pull-back of the biextension P with respect to the map T — > 
A' X B' is canonically trivial. Furthermore, the pull-back of the diagram that defines the 
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Weil pairing (f)i{ip{a),ip{b)) is equal to the following diagram: 

Nx{{a,lb)} ^ m'x{{a,b)} 
t +ip{a, lb) t id^ 

AT X {(0,0)} ^^'^ Nx{{la,b)}. 
This concludes the proof. □ 



3.2 Biextensions and pairings between complexes 

We describe a way to construct a biextension starting from a pairing between complexes. 
Suppose that A' and B* are two bounded from above complexes of abelian groups, N 
is an abelian group, and that we are given a pairing G Hom£)-(^b)(A' ®| B', N). We 
fix an integer p. Let Hp{A*)' C H^{A*) be the annulator of H~^{B') with respect to 
the induced pairing cf) : H^{A*) x H^^^B*) N. Analogously, we define the subgroup 
H^-P{B*y C H^~P{B'). Let t'^^A" C A' be a subcomplex such that (r^pA')" = if 
n > p, (r^pA')" = A" if n < p, and (r^pA')P = Ker(rf^)', where d^^ : Ap ^ Ap+^ 
is the differential in the complex A' and Ker((i^)' is the group of cocycles that map 
to HP{A*y. Note that the operation r<p is well defined for complexes up to quasiiso- 
morphisms, i.e., the class of the complex r'^pA' in the derived category D~{Ab) de- 
pends only on the classes of the complexes A', B' and the morphism 0. Analogously, 
we define the subcomplex T'^(^^j^i_p-^B* C B* . The restriction of defines an element 
0' G Ext^-(-_4^)(r<py4' T'^f^-^_^-^B* , N[—l]) . It can be easily checked that 0' passes in a 
unique way through the morphism r<pA'(g)|r<(^__p)5* HP{A'y[-p\®^H^-P{B')'[p-l\. 
Thus we get a canonical element 

0' G miaD-(,Ab){HP{A'y\-p] ®^ -p], AT) = 

= Ext^,(i/^(/l-)' ®^ H^-P{B'y,N), 

i.e., a biextension of {HP{A'y , H^-P{B'y) by A^. 

We construct this biextension explicitly for the case when is induced by a true 
morphism of complexes (p : A* ^ B* N (this can be always obtained by taking 
projective resolutions). Let A = Ker((i^)', B = Ker((i]j~^)', T = A x B, (j)A '■ Ker((i^)' —>■ 
HP{A'y, (Pb : Ker(4-^)' ^ H'-P{B'y, S = lm{d''^^) x Ker(c/^-^)' U Ker(d^)' x Im(d/). 
We define a bilinear map -0 : ^ A^ as follows: ip{d^^'^{aP^^), b^^P) = (j){aP~^ ^b^~P) and 
%lj{aP ,d~i^{b~P)) = {—l)P(j){aP ® b~P). It is readily seen that this does not depend on the 
choices of aP~^ and b~P, and that 'il){d^^^{aP~^),d~i^{b~P)) is well defined (the reason is 
that is a morphism of complexes). The application of the construction from Section [XT] 
gives a biextension of (ifP(A')', H^"P{B'y) by A^; we have = P^. 

Remark 3.8. There is an equivalent construction of the biextension in terms of Picard 

categories (see Section 12751) . For a two-term complex C* = {C~^ C°}, let Picard(C*) 
be the following Picard category: objects in Picard(C*) are elements in the group C° 
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and morphisms from c G C° to c' G C° are elements c G C ^ such that dc = c' — c. A 
morphism of complexes (f) defines a morphism of complexes 

that defines a distributive functor 

F : Picard(r>(p_i)r<pA*) x Picard(r>_pr<(i_p)74*) BN, 

where BN is a Picard category with one object and with iti{BN) = N. The functor 
F is defined as follows: for morphisms a : a ^ a' and b : b b', we have F{a, b) = 
(j)(a ® b') + (f){a ® b). Consider the restriction of F to the full Picard subcategories 
that consist of objects whose cohomology classes belong to Hp{A')' and H^~^{B*y , 
respectively. By Lemma [2.351 we get a biextension of {H^{A*)' , H^^^^B*)') by A^. 

Remark 3.9. In what follows there will be given shifted pairings 
p G Hom£)-(_46)(y4* 5', A^[m]), m G Z; this gives a biextension of 
{HP{A'),H-"'+^-P{B')) by A^. 

Example 3.10. Consider a unital DG-algebra A* over Z, an abelian group A^, and 
an integer p. Suppose that A^ = for i > d. Given a homomorphism H'^{A') — > 
A^, by HP{A*)' C HP{A*) denote the annulator of the group H'^^p{A*) with respect 
to the induced pairing Hp{A') x H'^~p{A*) —>■ N. Analogously, define the subgroup 
ffd.+^-p (^j\»y H'^~^^~P (A*) . By the above construction, this defines a biextension P of 
{HP{A'y, H'^+^-P{A''y) by A^. The associated Weil pairing <pi : x H'^+^-PiA^y 

A"; has the following interpretation as a Massey triple product. For the triple a G Hp[A*)'i, 
I G and b G //'^^^^^(A*)^, there is a well defined Massey triple product 

m3(a, /, b) G i7'^(A')/(a • + HP-\A') ■ b). 

By condition, the image rn^{a, /, b) G A^; of ^3(0, /, b) with respect to the map H'^{A') 
N is well defined. By Lemma [3.71 we have (j)i{a, b) = rn^{a, /, b). 

Example 3.11. Let y be a Noetherian scheme of finite dimension d\ then any sheaf 
of abelian groups JF on y has no non-trivial cohomology groups with numbers greater 
than d and there is a natural morphism RT{Y,J^) H'^{Y, J-')[—d] in D^{Ab). Let 
JF, Q be sheaves of abelian groups on Y, N be an abelian group, and p > be an 
integer. Given a homomorphism H'^{Y,J^^ Q) N, let HP{Y^J-'y be the annulator 
of H'^~P{Y,g) with respect to the natural pairing Hp{Y,J^) x H'^-P{Y,g) -> A^. Anal- 
ogously, we defined the subgroup H'^^^~P{Y,Qy C H'^^^~p{Y,Q). Then the multiplica- 
tion morphism m G Hom£)(,(^fe)(i?r(F, ®| -Rr(F, Q), RT{Y, T ® ^)) and the morphism 
i?r(F, T®g)^ N\-d\ lead to a biextension of {Ep\j, T)' , H^+^-p{Y, gy) by A^. 

3.3 Poincare biextension 

Consider an example to the construction described above. Let Ti. be the abelian category 
of integral mixed Hodge structures. For an object H in 7i, by Hi denote the underlying 
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finitely generated abelian group, by W^^Hq denote the increasing weight filtration, and 
by F*Hc denote the decreasing Hodge filtration, where He = Hi ®i C. Recall that if 
Hi is torsion-free, then the complex i?Hom>i(Z(0), if) is canonically quasiisomorphic to 
the complex 

B{Hy : ^ W^Hi ® (F° n W^)Hc ^ W^H^ ^ 0, 

where the differential is given by di^^r]) = 7 — for 7 G WqHz, t] G (F° fl Wo)Hc, 
and WqHi = Hi fl WqHq (see [2]). Moreover, for any two integral mixed Hodge struc- 
tures H and H' with Hi and H^ torsion-free, the natural pairing _RHom7^(Z(0), if) ®| 
RHom->^(Z(0), H') — >■ i?Hom-?^(Z(0), H ® H') corresponds to the morphism 

m : B{Hy ®i B{H'y B{H ® H')' 

given by the formula m{ip ®rj') = (/? ® G {H ® H')c, m{pf ®ip') = 7 ® v^' G {H ® H')c, 
771(7 ® 7') = 7 ® 7' e Wo{H (g) i^Oz, "^(^ ® 7]') = 7] ig) 1]' e F^{H (g) ii'')c, and m = 
otherwise, where 7 G PFo^z, V e VTo^z. ^? e F^Hc, i G FOff^., G i^c, V^' e ii^^. 

Let if be a pure Hodge structure of weight —1, and let H"^ = Hom(i7, Z(l)) be the 
corresponding internal Hom in Ti. By (-, ■) : Hq (gc C* denote the composition 

of the natural map He ®c -^c ~^ ^ ^^'^ exponential map C — *• C/Z(l) = C*. We 
put J{H) = Ext^(Z(0), if) = He/ {Hi + F^H^). This group has a natural structure of 
a compact complex torus; we call it the Jacobian of H. Note that the Jacobian J{H'^) 
is naturally isomorphic to the dual compact complex torus J{HY . 

By Section 13.21 the natural pairing 

i?Hom(Z(0), H) (g)^ i?Hom(Z(0), H"") i?Hom(Z(0), H ® H"") ^ 

^ i?Hom(Z(0),Z(l)) ^ C*[-l] 

defines a biextension P of {J{H), J(if'^)) by C*. The given above explicit description of 
the pairing m shows that the biextension P is induced by the bilinear map ip : S ^ C* 
(see Section [3TT]) . where 

S = {{Hi + F°/fc) X H^) U (He X {H^ + F^H^)) 
is a bisubgroup in He x H^, ip{^ + rj, ip^) = (7, yj^), and ip{ip, 7^ -|- r]^) = {(p, rf) for all 
7 e i^z, 7^ eHtv^ F^He, ri^ e F^H^, up G i/c, e i/^. 

Remark 3.12. The given above explicit construction of the biextension P shows that 
it coincides with the biextension constructed in [IB], Section 3.2. In particular, by 
Lemma 3.2.5 from op.cit., P is canonically isomorphic to the Poincare line bundle over 
J{H) X J{HY. 

By Remark 13.121 it makes sense to call P the Poincare biextension. 
Remark 3.13. It follows from [TS], Section 3.2 that the fiber of the biextension P over 
a pair (e, /) G J{H) x J(if^) = Ext^(Z(0), i/) x Ext^(if, Z(l)) is canonically bijective 
with the set of isomorphism classes of integral mixed Hodge structures V whose weight 
graded quotients are identified with Z(0), H, Z(l) and such that \yiW-2\/'\ = e G 
Ext^(Z(0),i/), [iy_iV^] = / G Ext},(i/,Z(1)). 

Remark 3.14. There is a canonical trivialization of the biextension log|P| of 
{J{H), J{H^)) by M; this trivialization is given by the bilinear map He x H^ M, 

{ip, (p)^) ^ log I (r, 9?^) I , where ip = r + ri, r E H^, rj G 
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4 Biextensions over Chow groups 



4.1 Explicit construction 

The construction described below was first given in [7J. We use notions and notations 
from Section I2.2[ Let X be a smootli projective variety of dimension d over k. For an 
integer p > 0, by Z^{Xy denote tlie subgroup in Z^{X) that consists of cycles Z such that 
for any i^i-chain {/^} G G'j^2j^(X, 1) with div({/^}) = 0, we have /^(rj Cl Z) = 1. Let 
CW\Xy be the image of in CHP{Xy, by Lemma EIOl we have CifP(X)hom C 

CHP{Xy. 

Remark 4.1. If the group k* has an element of infinite order, then it is easy to see that 
any cycle Z G ZP{Xy is numerically trivial. 

Consider integers p,q > such that p + q = d + 1. Let T C Z^^Xy x Z'^{Xy be 
the bisubgroup that consists of pairs {Z,W) such that \Z\ fl \ W\ = 0. By the classical 
moving lemma, we see that the map T CHP{Xy x CH'^{X)' is surjective. Let 
S* C T be the corresponding bisubgroup as defined in Section 13.11 Define a bihnear 
map ip : S ^ k* as follows. Suppose that Z is rationally trivial; then by Lemma 12. 6[ 
there exists an element {/,,} G G'j'^|(X, 1) such that div({/^}) = Z. We put ip{Z, W) = 
Ylr) friiv^^)- By condition, this element from k* does not depend on the choice of {fn}- 
Similarly, we put i;{Z, W) = U^g^iZ n if = diYi{g^}), {g^} G Gg^X, 1). By 
Lemma 12^81 '?/'(div({/^}), divd^f^})) is well defined. The application of the construction 
from Section O yields a biextension Pe of {CHP{Xy,CH'>{Xy) by k*. 

The following interpretation of the biextension Pe from Section 14.11 in terms of pair- 
ings between higher Chow complexes was suggested to the author by S. Bloch. 

We use notations and notions from Section \2A] As above, let X be a smooth projec- 
tive variety of dimension d over k and let the integers p,q > he such that p + q = d+1. 
There is a push-forward morphism of complexes tt* : •) Z^{Spec{k), •), where 

7T : X Spec(fc) is the structure map. Further, there is a morphism of complexes 
Z^(Spec(/c), •) — ^ (which is actually a quasiisomorphism) . Taking the composi- 

tion of these morphisms with the multiplication morphism 

m G RomD~(^Ab)iZP{X, .) ®^ .), Z^^+^X, .)), 

we get an element 

G }lomD-^Ab){Z'{X, .) ®^ Z'^iX, .), k*[-l]). 

Note that by Lemma 12.11 in notations from Section 13.21 we have HQ{ZP{X,»)y = 
CHP{Xy and Ho{Z'^{X, •))' = CH'^{Xy. Hence the construction from Section O gives 
a biextension Phc of (CiJP(X)', Cif^(X)') by k*. 

Proposition 4.2. The biextension Pfjc is canonically isomorphic to the biextension Pe- 
Proof. Recall that the multiplication morphism m is given by the composition 

ZP{X, •) ® Z^iX, •) ^* Z'^+\X X X, •) ^ Zf+\X X X, •) ^ Z'^+\X, •), 
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where D C X x X is the diagonal. Let Aq C Zp{X) ® Z'^{X) be the subgroup generated 
by elements Z ®W such that \Z\ fl \ W\, and let 

Ai C Z'P{X, 1) ® 0) © 0) ® Z\X, 1) = (Z*'(X, •) ® Z\X, •))! 

be the subgroup generated by elements {a ®W, Z ® [3) such that a G 1), /5 G 

1); we have ext{Ai) C x X, i) for z = 0, 1. Since all terms of the complex 

Z^(X, •) ® Z'^{Z, •) are free Z-modules and the groups Ai are direct summands in the 
groups •) ® •))« for z = 0, 1, there exists a true morphism of complexes 

ext' : •) ® Z'^{X,») Z^'^{X x X, •) such that ext' is equivalent to ext in the 

derived category D~{Ab) and ext' coincides with ext on Ai, i = 0,1. 

On the other hand, for a cycle Z G and a f^i-chain {g^} G 1); have 

= r({^J) G ^(''^il^,!) and (tt, o o ext)(Z ® /?)) = Us^g^iZn^ (see SectionESD- 
Therefore the needed statement follows from Remark 13.21 applied to the bisubgroup 
T C ZP{X) X Z'^{X) together with the bilinear map ip from Section WTH and the bisub- 
group in ZP{X) X Z'^iJOj together the bilinear map induced by the morphism of complexes 
= TT* o o ext' as described in Section [3^21 □ 



4.2 Intermediate Jacobians construction 

The main result of this section was partially proved in [22] by using the functorial prop- 
erties of higher Chow groups and the regulator map to Deligne cohomology. We give a 
more elementary proof that uses only the basic Hodge theory. 

We use notions and notations from Sections 13.31 and 12.31 Let X be a complex smooth 
projective variety of dimension d. Suppose that p and q are natural numbers such 
that p + q = d + 1. Multiplication by (27rz)^ induces the isomorphism J^p~^(X) —>■ 
J{H^P~\X){p)). Since H^P-\X){py = H^i-\X){q), by Section [231 there is a Poincare 
biextension Pjj of {J^p~\X), J^^'^X)) by C*. 

Proposition 4.3. The pull-back AJ*{Pij) is canonically isomorphic to the restriction 
of the biextension Pe constructed in section \4^ to subgroups Cif^(X)hom C CHp{X)' . 



Proof 1. First, let us give a short proof that uses functorial properties of the regulator 
map from the higher Chow complex to the Deligne complex. 

Let Zoip)* = cone(Z(p) © F^Q'x — > 1] be the Deligne complex, where all 

sheaves are considered in the analytic topology. There are a multiplication morphism 

i?r„„(X(C), ZoipY) ®k RTUX{C): Zniq)') ^ i?r,„(X(C), Zn{p + q)') 

and a push-forward morphism 

i?r,,(X(C), Zoid + !)•) ^ C*[-2d - 1] 

in D''{Ab). The application of the construction from Section [321 to the arising pairing 
of complexes 

i?r,„(X(C),Z^(p)') ©^ i?r„„(X(C),Zz5(g)') ^ C*[-2d-l] 
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hi p + q = d+l yields a biextension of {J^P'\X), J^'i-\X)) by C*, since J^p-\X) C 
i/2^(X(C),Z^(p)-)' and c i/,2^(X(C), Zz,(g)-)'. 

Furthermore, there is a canonical morphism 

e : i?Hom^.(„)(Z(0),i?/f(X)(p)) ^ i?r,„(X(C), Zb(p)'), 

where RH*{X) is the "derived" Hodge structure of X. The morphism e induces iso- 
morphisms on cohomology groups in degrees less or equal to 2p (this follows from the 
explicit formula for the complex B{H)* given in Section Moreover, the morphism 
e commutes with the multiplication and the push-forward. Note that the multiplication 
morphism on the left hand side is defined as the composition 

i?Hom^.(^)(Z(0),i?i/-(X)(p))®^ i?Hom^.(^)(Z(0),i?i7-(X)(g))^ 

i?Hom^.(„)(Z(0), RH\X) ® RH'{X){p + q)) i?HomB,(„)(Z(0), RH\X){p + q)) 
and the push-forward is defined as the composition 

i?Hom^6(w)(Z(0),i?/f(X)(rf+ 1)) -> i?HomB5(^)(Z(0),/f^'^(X)(rf+ l)[-2rf]) = 

= i?HomB6(H)(Z(0),Z(l))[-2rf] = C*[-2d-l]. 

Therefore, the biextension of (J^^~^(X), J^'^~^(X)) by C* defined via the pairing of com- 
plexes on the left hand side is canonically isomorphic to the previous one. 
The multiplicativity of the spectral sequence 

Ext^(Z(0),iJ^(X)(p)) ^ Hom2'4„^(Z(0),i?if(X)(p)) 

shows that the last biextension is canonically isomorphic to the Poicare biextension 
defined in Section [3731 

Now consider the cohomological type complex Zp{X)* = Z^{X,2p — •) built out of 
the higher Chow complex (see Section [2?T|) . In [20] it is constructed an explicit morphism 

p : Z%Xy ^ RVan{X{C),Zr>{p)') 

of objects in the derived category D^{Ah), which is actually the regulator map. It follows 
from op.cit. that the regulator map p commutes with the corresponding multiplication 
morphisms for higher Chow complexes and Deligne complexes. By Proposition 14. 2[ this 
implies immediately the needed result. □ 

Question 4.4. Does there exist a morphism of DG-algebras p : A\,j — > such that a 
DG-algebra A\j is quasiisomorphic to the DG-algebra RV zari.X.'Lij))'), where Z(p)* 

p>0 

is the Suslin complex, and a DG-algebra A'j^ is quasiisomorphic to the DG-algebra 
RT an{X ^'Loip)')'^ The identification of higher Chow groups with motivic cohomol- 

ogy CHP{X, n) = if^~"'(X, Z(p)) shows that a positive answer to the question would be 
implied by the existence of a DG-realization functor from the DG-category of Voevodsky 
motives (see [1]) to the DG-category associated with integral mixed Hodge structures. It 
was pointed out to the author by V. Vologodsky that the existence of this DG-realization 
functor follows immediately from op.cit. Does there exist an explicit construction of the 
DG-algebras A'j^j, A'^, and the morphism p? 
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Proof 2. Let ZP(X)hom be the group that consists of all triples Z = {Z,Tz,riz), where 
Z e Z^(X)hom, is a differentiable singular chain on X such that dTz = Z, and 
rjz G -^log^x'^zi such that dziH^niyrjz]) = [Z]. It follows from Section [2l3] that the 
natural map Z^{X)^om ^ ZP{X)iiom is surjective. There is a homomorphism Z^{X) —>■ 
H'^^~^{X, C) given by the formula Z PD[rz] — [i]z]', its composition with the natural 
map H^P'\X,C) ^ J^'^X) is equal to the Abel-Jacobi map ZP(X)hom J^^-^X) 
given by the formula Z AJ{Z) (see section [2l3l) . 

Let T be a bisubgroup in ZP(X)hom x ^'^(-^)hom that consists of all pairs of triples 
{Z,W) = ((Z,rz,77z), (W^,rvF, w)) such that \Z\ n |W^= 0, Tz does not meet \W\, 
and \Z\ does not meet Tw. Note that for any pair {Z,W) G T, there are well defined 
classes PD[Tz], [vz] G H^p-\X\\Z\, \W\;C) and PD[Tw], [vw] G H^^-\X\\W\, C). 
As before, denote by 

(-, ■) : H*{X\\Z\, \W\;C) x H^'^'*{X\\W\, \X\; C) ^ C 

the natural pairing. ^ 

Let S* C T be a bisubgroup that consists of all pairs of triples {Z, W) such that Z or 
W is rationally trivial. Let ipi : S ^ C* he the pull-back of the bilinear map constructed 
in Section im via the natural map ZP(X)hom x ^'^(-^)hom ^ ^^(-^)hom x Z'^{X)hom- Let 
'?/'2 : "S* — s> C* be the pull-back of the bilinear constructed in Section 13.31 via the defined 
above map ZP(X)hom x Zi{X)hom ^ H^^'^X, C) x H^^-^iX, C). The construction from 
Section [3TT] applied to the maps ipi and ip2 gives the biextensions Pe and P/j, respectively. 
Define a bilinear map : T — > C* by the formula (f){Z,W) = exp(27ri f-p^Vw)- By 
Remark [3.31 it is enough to show that ipi = (f)\s ■ ip2- 

Consider a pair (Z, W) G S. First, suppose that Z is rationally trivial. By linearity 
and Lemma |2.6[ we may assume that Z = div(/), where / G C*{Y) and F C X is 
an irreducible subvariety of codimension p — 1 such that Y meets \W\ properly. Let Y 
be the closure of the graph of the rational function / : y ---> and let p : Y ^ X 
he the natural map. Let F be a smooth generic path on such that dV = {0} - 
{oo} and F does not intersect with the finite set f{p~^{W))] there is a cohomological 
class PD[T] G H\¥^\{0, oo}J{p-WW\)y,Z). We put az = i2m)-P[Yj{2TnPD[-f]) G 
H^P-\X\\Z\,\W\;Z). By Lemma EH] with X^ = F\ X2 = X, C = Y, Z^ = {0,oo}, 
and 1^2 = I I, we get PD[Tz]-az G H^P'^X, \W\;Z) and az - [vz] G FpH^p-\X, C) 
(note the element az—[i]z] G H'^p~^{X, \W\; C) does not necessary belong to the subgroup 
FPH^P-\X, \W\;C)). Since PD[Tz] - [vz] = {PD[Tz] - az) + {az - [vz]), it follows 
from the explicit construction given in Section 13.31 that 

MZ,W) = exp{2m{PD[Tz] - az,PD[Tw] - M)) = 

exp(-27ri J^^ r]w + 27ri(az, [Vw]))- 

In addition, combining Lemma [4.5( i) and Lemma [2.171 with Xi = X, X2 = P^, C = Y, 
Zi = \W\, and W2 = {0, 00}, we see that exp(27rz(az, [vw])) = f{Y nW) = 4ji{Z, W). 

Now suppose that W is rationally trivial. As before, by linearity and Lemma [2. 6[ we 
may assume that W = div(5f), where W G C*{V) and C X is an irreducible subvariety 
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of codimension p—1 such that \Z\ meets V properly. Let V be the closure of the graph of 
the rational function g : V --"^ ¥^ and let p : V ^ X he the natural map. Note that the 
differential form ^ defines a cohomological class ] G F^H^{F^\{0, oo}, g{p-^{\Z\)); C). 
We put aw = {2my'i[V]*[^] G Fm^i-\X\\W\, \Z\;C). By LemmaEHIwith Xi = F\ 
X2 = X,C = V,Zi = {0, oo}, and W2 = \Z\, we get aw-{vw] e Fm^'i-^{X, \Z\;Z) and 
PD[Tw] - aw e Z) (note that the element PD[Tw] - aw e H^'^-\X, \Z\;C) 

does not necessary belong to the subgroup H'^'^~^{X, \Z\;Z)). Since PD[rvi/] — [riw] = 
{PD[Tw] — dw) + («VK — [w])) it follows from the explicit construction given in Section 
[S3] that _ _ 

i^2{Z, W) = expi27niPD[Tz] - [vz], aw - M)) = 

= exp{2ni{PD[T z], aw) — Svrz J^^ rjw)- 

In addition, combining Lemma F4.5( M) and Lemma [2 . 1 71 with Xi = X , X2 = , C = Y , 

Zi = \Z\, and 1^2 = {0, 00}, we see that exp{2m{PD[Tz],aw)) = g{ZnY) ='ipi{Z,W). 
This concludes the proof. □ 

During the proof of Proposition 14.31 we have used the following simple fact. 

Lemma 4.5. 

(i) Let 7] be a meromorphic 1-form on with poles of order at most one (i.e., rj 
is a differential of the third kind), T be a smooth generic path on such that 
dT = {0} — {00} and T does not contain any pole of rj; if Tes{27iiri) = Xlj^il-^^*} 
for some integers Ui, then we have exp(27ri f^rj) = Yli^?'- 

(a) Let z be a coordinate onF^ , T be a differentiable singular 1-chain on P^ that does not 
intersect with the set {0, 00}; if dT = J2i iT-ii^i}, then we have exp(/p ^) = Yli ■ 

Proof, (i) Let log 2 be a branch of logarithm on P^\r, be a tubular neighborhood of F 
with radius e, and let Bi^^ be disks around {zi} with radius e; we put X^ = F^\{UiBi^^UT^). 
Then we have = lim/jj- d{(logz)r]) = '^■riilogZi — 2ni J^rj; this concludes the proof. 

(a) One may assume that F does not contain any loop around {0} or {00}; hence there 
exists a smooth path 7 on P^ such that ^7 = {0} — {00} and 7 does not intersect F. Let 
log 2 be a branch of logarithm on P^\7. Then we have /p ^ = J^^dlogz = ^-njlog^j; 
this concludes the proof. □ 

Remark 4.6. For a cycle Z G ZP(X)hom; consider an exact sequence of integral mixed 
Hodge structures 

^ H'^'\X)ip) -> H'^~\X\\Z\){p) H2,-2A\Z\) - H'^{X){p). 

Its restriction to [Z]z = Z(0) C -f^2d-2p(|^|) defines a short exact sequence 

H^P-\X){p) -^Ez^ Z(0) ^ 0. 
Analogously, for a cycle W G Z'^(X)hom, we get an exact sequence 

^ H^''~\X){q) ^Ew-^ Z(0) ^ 
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and a dual exact sequence 



By Remark [3.13[ we see that the fiber Pij\{aj{z),aj(w)) is canonically bijective with the 
set of isomorphism classes of all integral mixed Hodge structures V whose weight graded 
quotients are identified with Z(0), H^P'\X){p), Z(l) and such that [V/W-2V] = [Ez] E 
Ext^(Z(0),i/2p-i(X)(p)), [W.,V] = [E^] e Ext},(i72P-i(x)(p),Z(l)). 

Remark 4.7. Under the assumptions of Corollary 14.321 suppose that \Z\ fl \W\ = 0. 
Then there are two canonical trivializations of the fiber of the biextension log | Pe \ over 
{Z,W): the first one follows from the construction of Pe and the second one follows 
from Proposition 14.31 and Remark 13.141 Let h{Z, W) G M be the quotient of these two 
triviahzations. Consider closed forms rj^ ^ -^iog^x\|z| ^^"^ Vw ^ -^iog^x\|H^| ^^^'^ ^^^^ 
dz{{'2.T^iYrfz) = [Z], d]y{{'^T!'i)'^Vw) ~ [^]' Vz real periods on and rj^y has 

real periods on X\|l^| (it is easy to see that such forms always exist). In notations from 
the proof of Proposition 14.31 the isomorphism Pe — »■ Pij is given by the multiplication 
by exp(27ri Jp rjw)- On the other hand, the trivialization from Remark 13.141 is given by 
the section Re{27ri{PD[Tz] — [i]z]y PD[Tiv] — [qw])) = Re(27ri /p^(?7iy — w))- Therefore, 
h{Z,W) = Re(27rz Jy^Vw)- This number is called the archimedean height pairing of Z 
and W. 

Finally, using Lemma we give an explicit analytic proof of Lemma [2. 101 for complex 
varieties. 

Lemma 4.8. Let X be a complex smooth projective variety of dimension d, W & 
Z'^(X)hom be a homologically trivial cycle, {Yi} he a finite collection of irreducible sub- 
varieties of codimension d — q in X, and let fi G C{Yi)* be a collection of rational 
functions such that — and for any i, the support \W\ meets Yi properly and 

\W\ n |div(/i)| = 0. Then we have fiY n VT) = Hi fi{Yi ^W) = 1; here for each i, we 

put filYidW) = Yl fi^^'^'^\^)> where {Yi,W;x) is the intersection index ofYi and 

x&^n\w\ 
W at a point x G fl \W\. 

Proof. Since W is homologically trivial, by Section 12.31 there exists a closed differential 
form Tj G Fj^gA^^^i such that dw{\{'2T^iYv\) = i-^-, for a small (2g — l)-sphere Sj 
around an irreducible component Wj oiW , we have rj = rrij, where W = ^^rijWj. 

For each let Y^ be the closure of the graph of the rational function /j : Y^ 
and let pi : Yi ^ X he the natural map. Let 7 be a smooth generic path on 

such that ^7 = {0} — {00} and 7 does not intersect with the finite set S = 
^iPt{fr^{\W\))- ThCTe is a cohomological class PD[-f] G //Hl'^VIO, 00}, E; Z); we put 
ai = (27r«)-('^-'?+i)[r,]*(27rzPD[7]) G H^'^-^''+\X\\diY{fi)\,\W\;Z). Let be a differ- 
entiable representative for PD{ai) G iJ2g-i(-^\|W^|, |div(/i)|; Z) (see Remark l2.16p . In 
particular, Fj is a differentiable singular (2g — l)-chain on X\|iy| with boundary div(/j). 

By Lemma 113] and Lemma EH] with Xi = ¥\ X2 = X, C = Yi, Zi = {0, 00}, and 
W2 = \W\, we get fiiYiOW) = exp{2m{ai,r])) = exp(27rz J^^r]). Therefore, f{YnW) = 
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exp(27ri /p^]), where T = Xli^i- Since div(/j) = 0, the chain T on X\|l^| has no 
boundary. 

Note that the image of the class under the natural homomorphism 

H^'i-^^+\X\\dw{fi)\, \W\-X) ^ H''-"^+\X\\dw{f,)\,C) 

belongs to the subgroup F'^^'?+^iJ^'^^^'^+^(X\|div(/i)|, C), i.e, for any closed form u G 
F'^A'^^~^, we have /p = 0. It follows that the chain F is homologous to zero on X. 
Therefore, F is homologous on to an integral linear combination of small (2g — 1)- 

spheres around irreducible components of the subvariety \W\] hence J^r] & Z and this 
concludes the proof. □ 

4.3 iC-cohomology construction 

We use notions and notations from Section 12. 4[ Let X be a smooth projective variety 
of dimension d over a field k, and let p,q > he such that p + q = d + 1. There is a 
product morphism m : JCp^ICq ^ ICd+i and a push- forward map tt* : H'^{X, JCd+i) — > k*, 
where vr : X — > Spec(/c) is the structure map. By Example 13.111 for any integer p > 0, 
we get a biextension of (//^(X, /Cp)', //"(x, /C^)') by k*, where i/P(X,/Cp)' C HP{X,ICp) 
is the annulator of the group H'^^^{X, }Cq) with respect to the pairing HP{X,}Cp) x 
i7^~^(X, /Cq) k* and the analogous is true for the subgroup if^(X,/Cq)' C H''{X,]Cq). 
Consider a cycle W G Z'^{X) and a i^i-chain {/^} G G'J^^^'|'(X, 1) such that div({/^}) = 

0. By W and {/^} denote the classes of W and {/^} in the corresponding ii"-cohomology 
groups. It follows directly from Lemma [2.281 that 7r*(m({/^} (g) W)) = Ylr) fv(^ ^ 
Hence by Lemma 12.101 the identification CHp{X) = Hp{X, JCp) induces the equality 
CHP{Xy = HP{X,}Cp)'; thus we get a biextension Pkc of {CHp{X)',CH'^+^-\X)') by 
k*. 

Proposition 4.9. The biextension Pkc canonically isomorphic up to the sign (— 1)^'' 
to the biextension Pe- 

Proof 1. First, we give a short proof that uses a regulator map from higher Chow groups 
to i^-cohomology. The author is very grateful to the referee who suggested this proof. 
Consider the cohomological type higher Chow complex 

z'''{xy = zp{x,2p-») 

and the complex of Zariski flabby sheaves Z^{X)* defined by the formula Z^{X)*{U) = 
Z^iUy for an open subset U G X. Let be the cohomology sheaves of the complex 
ZJ'{Xy. It follows from [6] combined with [25] and [29] that Ti^ = for i > p and 
that the sheaf Ti.^ has the following flabby resolution Gers ^jX, y)*: Gers^\X,p)*{U) = 
Gers^{U,py for an open subset f/ C X, where 

Gers'\U,py= K-Mv)) 
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and K denotes the Milnor i^-groups. Combining the canonical homomorphism from 
Milnor i^'-groups to Quillen i^-groups of fields and the fact that the Gersten complex is 
a resolution of the sheaf ICp, we get a morphism 

Rr{x, zp{xy) ^ Rr{x, }Cp[-p]). 

Moreover, it follows from [25] and [29] that this morphism commutes with the multipli- 
cation morphisms. By Proposition 14.21 we get the needed result. □ 

Proof 2. Let us give an explicit proof in the case when the ground field is in- 
finite and perfect. We use adelic complexes (see Section 12.41 and tlfij). The 
multiplicative structure on the adelic complexes defines the morphism of com- 
plexes (J) : A{X,p)* ® A{X,q)* ^ k*[—d], which agrees with the natural morphism 
Hom£)b(_4fe)(i?r(X, /Cp) RT{X,]Cg), k*[—d\) that defines the biextension Pkc- 

By d denote the differential in the adelic complexes A{X,n)*. In notations from 
Section 13.21 let T C Ker((i^)' x KeT{d'^)' be the bisubgroup that consists of all pairs 
i^i[Z^],^j[Wj]) with [Zi] G A(X, /Cp)P, [Wj] e A(X, q)" such that for all i, j, we have: 

(i) the i^-adeles [Zi] G A(X, JCpY and [Wj] G A(X, q)'' are good cocycles with respect 
to some patching systems {{Zi)l'^} and {(W^j)^'^} for cycles Zi G Z^^X)' and 
Wj G Z'^{Xy on X, respectively; 

(ii) the patching systems {(Zj)J'^} and {(W^j)^'^} satisfy the condition (i) from 
Lemma 12.241 and the patching system {(WjOs'^} satisfies the condition {ii) from 
Lemma [2.241 with respect to the subvariety \Zi\ C X; 

(iii) the support \Zi\ meets the support \Wj\ properly. 

In particular, for all j, we have codim^(Z fl {(Wj)l fl (Wj)^)) > s + 1 for all s, 
1 < s < g - 1, where Z =\^.Zi\e Zp{X). 

Combining the classical moving lemma. Lemma 12. 24^ and Lemma I2.26[ we see that 
the natural map T ^ H'P{X,lCp)' x H''{X,}CJ = CHp{X)' x CHi{X)' is surjective. 

Suppose that (XIJ^*]; ^ ^ the class of the cycle Z = J^i^i 

HP{X, /Cp) = CHP{X) is trivial. By Lemma 12.61 and Corollary 12.71 there exists a 
i^'i-chain {/^} G Gp~^{X, 1) such that div({/^}) = Z, the support Y = Supp({/^}) meets 
W = Y.j e Z'i{X) properly and for all j, we have codimY{Yn{{Wj)\r}{Wj)l))) > s+1 
for all s, 1 < s < g — 1. It follows that for all j, the patching system {(Vrj)^'^} satisfies 
the condition (ii) from Lemma 12.241 with respect to the subvariety Y G X. Combin- 
ing Lemma 12.241 Lemma 12.271 and Lemma 12.281 we see that there exists a i^"-adele 
[{/,}] G A(X,/Cp)^'-i such that dP-^[{f^}] = Y.^[Z^] and 7r,(m([{/,}] ® Y^jW,])) = 

Suppose that (XIJ^*]; ^ ^ and the class of the cycle W = J2jWj 

H'^{X,}Cq) = CH'^{X) is trivial. By Lemma 12.61 there exists a f^i-chain {g^} G 
GP^^[X, 1) such that dw{{g^}) = Z and the support Y = Snpp{{g^}) meets Z = 

Zi G ZP{X) properly. Combining Lemma 12.241 Lemma I2.27[ and Lemma 12.281 we 
see that there exists a if-adele [{g^}] G A(X, /Cg)"^"^ such that = and 

(-i)%,(m([z] ® [{g^}])) = i-iy'U.gdznO- 
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Therefore by Remark 13.21 applied to T C Ker((i^)' x KeT{d'^)' and ip induced by 
= TT* o m, we get the needed result. 

Therefore the needed statement follows from Remark 13.21 applied to the bisubgroup 
T C Ker((i^)' x Ker((i'^)' and the bigger bisubgroup in Ker((iP)' x Ker((i'^)' together with 
the bilinear map defined by the morphism of complexes as shown in Section 13.21 □ 

4.4 Determinant of cohomology construction 

In Section 12.51 we defined a "determinant of cohomology" distributive functor 

{■,-):VMxy<VMx^VMk. 

Our goal is to descend this distributive functor to a biextension of Chow groups. The 
strategy is as follows. First, we define a filtration C^VJAx on the category VJ^x, 

which is a kind of a filtration by codimension of support. The successive quotients of 

- — p 

this filtration are isomorphic to certain Picard categories CH x that are related to Chow 
groups. Then we show a homotopy invariance of the categories C^VAA-x and construct 
a specialization map for them. As usual, this allows to defined a contravariant structure 
on the categories C^VM-x by using deformation to the normal cone. Next, the exterior 
product between the categories C^VM.x together with the pull-back along diagonal 
allows one to define for a smooth variety X a collection of distributive functors 

C^YMx X C'VMx ^ CP-^'^VMx, 
compatible with the distributive functor 

VMx X VMx VMx 

defined by the derived tensor product of coherent sheaves. Since all constructions for the 
categories C^VAAx are compatible for different p, we get the analogous constructions 
for the categories CHx (contravariancy and a distributive functor). Taking the push- 
forward functor C^^^VM-x ^ VM.x ^ V-Mk for a smooth projective variety X, we 
get a distributive functor 

ioT p + q = d + 1. Finally, applying Lemma 12.351 we get a biextension Pdc of 
[C {X)' , C H'^ {X)') by k*. The fiber of this biextension at the classes of algebraic 
cycles Z = Y2-miZi and W = Ylj ^j^j is canonically isomorphic to the fc*-torsor 

deti^,^^m,n,RT{X,Oz, Ow,))\{0}. 

Also, we prove that the biextension P^c is canonically isomorphic to the biextension Pe 
constructed in Section WTH 

Let us follow this plan. For any variety X, and p > denote by Ai^ the exact 
category of sheaves on X whose support codimension is at least p. By definition, put 
Ai^x ~ -^x for p < 0. For p > q, there are natural functors V}A\ VM.x and 
VMK, VM% . 
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Definition 4.10. For p > 0, let C^VAix be the following Picard category: objects in 
C^VAix are objects in the category VM\ and morphisms are defined by the formula 

Homcpy^^(L,M) = Im(Hom^_^p-i (L, M) ^ Hom^^_^p-2(L, M)) 

(more precisely, we consider images of objects L and M with respect to the corresponding 
functors from VJWx)'-, a monoidal structure on C^V^Ax is naturally defined by monoidal 
structures on the categories VAix- 

By definition, we have C^VMx = VMx- Note that for p > + 1, CpVMx = 
and C^^^VAix consists of one object whose automorphisms group is equal to 
lm{Ki{Mx) Ki{M'^x^)) (the last group equals H'^{X,lCd+i) provided that X is 
smooth). For p > g > 0, there are natural functors C^VM-x C^VM-x- It is clear 
that 

T^o^C^VMx) = lui{Ko{M\) K.^M^x')), 

The next definition is the same as the definition given in Section 2]. 

' V ' p 

Definition 4.11. For p > 1, let CH x be the following Picard category: objects in CH x 

are elements in the group Z^(X) and morphisms are defined by the formula 

Homg^P (Z, W) = {f e GP-^{X, l)|div(/) = W - Z}/Tame, 

where Tame denotes the /r2-equivalence on i^i-chains, i.e., the equivalence defined by 
the homomorphism 

Tame : G^-^X, 2) ^ GP-\X, 1); 
p 

a monoidal structure on CH x is defined by taking sums of algebraic cycles. 
It is clear that for p > 0, we have 

'k^{Ch'x)=CH%X), 

TTi{CHx) = HP-\Gers{X,py) = Ker(div)/Im(Tame). 
Remark 4.12. In notations from Remark 13.81 we have 

CH^x = Picard(r>(p_i)Gers(X, p)*). 
Lemma 4.13. For any p > 0, there is a canonical equivalence of Picard categories 

CPVMx/Cp-WMx CHx- 

Proof. First, let us construct a functor : CWMx ^ CHx- By Example [231 (ii) , 
for any p > 0, there is an equivalence of Picard categories : VAi^x/^-^^x^ ^ 
(Bn(zx(p)VA4k{-q)- In notation from Section 12.51 this defines a functor : VAi^x ^ 
Picard(ZP(X)). We put Fp{L) = Hp{L) e Zp{X) for any object L in CWMx- Let 
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/ : L — >■ M be a morphism in C^VAix and let / : L — M be a corresponding morphism 
in the category VAi^x^ (note that / is not uniquely defined). There are canonical iso- 
morphisms HP~^{L) 0, HP~^{M) 0, therefore HP~^{f) defines a canonical element 
in the group 'n'i{®rj(zx{p-^)V -M k{ri)) = G'p^^{X, 1) that we denote again by H^^^{f). It is 
easy to check that div{HP-\f)) = Fp{M) - Fp{L). We put FP{f) = [HP-\f)], where 
brackets denote the class of a i^i-chain modulo -ft'2-equivalence. The exact sequence 

GP-\X,2) ^ K,{M'^-') ^ K,{M^^-') 

shows that [FP^^{f)] does not depend on the choice of /. 
Next, the exact sequences 

KoiM'x^') - MM'x) ^ ZPiX), 

K,{M\) K,{M^^') ^ GP-\X, 1) 

show that the composition Cp^ V M.x CPVAix ~^ CH^ is canonically trivial. By 
Lemma I2.33( iii) , we get a well-defined functor 

CpVMx/Cp-WMx CHx- 

Finally, combining Lemma I2.33( ii) with the explicit description of tTj for all involved 
categories, we see that the last functor is an isomorphism on the groups vTj, i = 0,1. 
This gives the needed result. □ 

Remark 4.14. Let us construct explicitly an inverse functor {Fp)~^ to the equivalence 
FP : CPVMx/CP+^VMx cWx- For each cycle Z = Y^i^i^u we put {Fp)-\Z) = 
Yli'^^ili^Zi), where we choose an order on the set of summands in the last expression. 
For a codimension p — 1 irreducible subvariety Y (Z X and a rational function / G k{Y)*, 
let Y be the closure of the graph of the rational function / : y and let tt : F — > 

Y "-^ X he the natural map. Denote by Dq and Doo Cartier divisors of zeroes and poles 
of / on Y, respectively. Denote by Zq and Zoo the positive and the negative part of the 
cycle div(/) on X, respectively. The exact sequences 

^ Oy{-Doo) ^Oy^ ^ 0, 

^ Oy{-D^) ^Oy^ Od, ^ 0, 

and the isomorphism / : Oy^—Dao) Oy{—Do) define an element in the set 
Hom^^.^-.(5^(-l)*7(^V,Oz>^,5^(-l)*7(^^vr,Oz>o)), 

i i 

that in turn defines an element 

{FPy^f,) e Hom^_^.^-x((F^)-i(Zoo), (FPy^Zo) + L) 

up to morphisms in the category VAi\, where L is a well-defined object in VAi^^^. For 

- — p 

each morphism in the category CHx, we choose its representation as the composition 
of morphisms defined by / for some codimension p — 1 irreducible subvarieties Y G X. 
This allows to extend {Fp)~^ to all morphisms in the category CH^- 
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Now let us describe some functorial properties of the categories C^VAix- 

Definition 4.15. For a variety X, let {Vx}, p > 0, he the collection of categories 
{VtVI^} or {C^Aix} (the same choice for all varieties), ■ 'pv^'pi be the natural 
functors, and let S and T be two varieties. A collection of compatible functors from 
{Vl} to {V^} is a pair {{Fp},{W}), where PP : V^, P > 0, are symmetric 

monoidal functors and : o F'^ o G^^ are isomorphisms in the category 

Fun^(P^,P|,) such that the following condition is satisfied: for all p > g > r > 0, we 
have o G''^{W) = 

The proof of the next result is straightforward. 

Lemma 4.16. For varieties S and T , a collection of compatible functors from {VAi^g} 
to {VA^^} defines in a canonical way a collection of compatible functors from {C^M-s} 
to {CPMs}- 

Example 4.17. Let / : 5 ^ T be a fiat morphism of schemes; then there is a collection 
of compatible functors /* : VAi^ VAi^g. By Lemma 14.161 this gives a collection of 
compatible functors /* : G^Mt G^Ms- 

Now let us prove homotopy invariance of the categories G^VAtx- Note that there is 
no homotopy invariance for the categories VAi^. We use the following straightforward 
result on truncations of spectral sequences: 

Lemma 4.18. 

(i) Consider a spectral sequence E^^ , r >1, a natural number s, and an integer I G Z. 
Then there is a unique spectral sequence {t[Eyj , r > s, such that {t^Eyj = El^ 
if i ^ h (tiEyj = if i < I, and there is a morphism of spectral sequences 
{t\Ey^ ^El^,r>s. 

(a) In the above notations, let si,S2 be two natural numbers; then we have {t^i^Eyj = 
{tl'^Ey^ for all r > s = max{si, S2} and i > I + s — 1. 

Lemma 4.19. Consider a vector bundle f : N S ; then the natural functors f* : 
G^VAts G^VAIn are equivalencies of Picard categories. 

Proof. We follow the proof of [HI Lemma 81]. It is enough to show that /* induces 
isomorphisms on ttq and tti, i.e., it is enough to show that the natural homomorphisms 

are isomorphisms for all p > 0, > 0. 

For any variety T, consider Quillen spectral sequence El^[T), r > 1, that con- 
verges to K_i_j{AiT)- In notations from Lemma 14.18^ the filtration of abelian cate- 
gories Ai^^ D Ai^ D . . . defines the spectral sequence that is equal to the shift of the 
truncated Quillen spectral sequence {t\-^Ey^{T), r > 1 and converges to if_j_j(A^^ ). 
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By Lemma EHl {t{' E)\^{T) = {f~^E)\^{T) for i > p. Therefore, there IS a spec- 
tral sequence (ff^EYJiT), r > 2 that converges to lm{K^i^j{M^j,) K^i^j{M^f^)). 
Exphcitly, we have {ff^Ey^iT) = H\Gers{T, -])'). 

The morphism / defines the morphism of spectral sequences /* : {iF2~^ -^Yr i.^) ~^ 
{t2~'^ Eyj {N) , r > 2. Moreover, the homomorphism /* is an isomorphism for r = 2 (see 
op.cit.), hence /* is an isomorphism for all r > 2. This gives the needed result. □ 

Corollary 4.20. Taking inverse functors to the equivalences f* : C^VAiy C'^VM.n, 
we get a collection of compatible functors {f*)~^ from C'^VM-n to C^VAis- 

Next we construct a specialization map for the categories C^VAix- 

Lemma 4.21. Let j : D G Y be a subscheme on a scheme given as a subscheme by 
the equation f = 0, where f is a regular function on Y , and let U = Y\D. Then there 
exists a collection of compatible functors SpP : VA4fj —* VA4^^ such that the composition 

SpO 

VAiy VAiu — > VM.£) is canonically isomorphic to j* in the category of symmetric 
monoidal functors. 

Proof. The composition j* o 7y : {AiY)iso VM.D is canonically isomorphic to the 

functor JF t— > d{Qo)—1 d{Q ~i) ■, where Qi are cohomology sheaves of the complex JF — > JF 
placed in degrees —1 and 0. It follows that the composition j* o o 7^, : {M.D)iso — * 
VA4d is canonically isomorphic to in the category Det(A^£), VJ^d)- By Lemma [!^.29[ 
this defines a canonical isomorphism j* o — ^ in the category Fuia'^(yAiD,VAiD). 
Combining Lemma 12.331 (iii) and Example 12.341 (ii), we get the functor Sp : VAiu —>■ 
VM-D, since there is a natural equivalence of abehan categories A4y/-Md -Mu- 

More explicitly, the functor sp : VM.u ~^ VM.D corresponds via Lemma [2.291 to the 
following determinant functor: JF 1-^ 7z)(j*.F), where JF is a coherent sheaf on U and 
JF is coherent sheaf on Y that restricts to JF (one can easily check that two different 
collections of choices of T for all T define canonically isomorphic determinant functors). 

Take a closed subscheme Z (Z U such that each component of Z has codimension 
at most p in U. Consider the closed subscheme Zd = Z Xx D in D, where Z is the 
closure of Z in X. We get a functor Spz ■ VMz VMzo ~^ ^-^d- Given a 
diagram Z "—>■ Z' G U, we have a canonical isomorphism of symmetric monoidal functors 
Spz' ° i* ^ Spz- Taking the limits over closed subschemes Z G U, we get the needed 
collection of compatible functors Sp^ : VJ^lj VAi^j^, p >0. □ 

Corollary 4.22. Combining Lemma \4.21\ and Lemma \4.16[ we get a collection of com- 



patible functors Sp^ : C^VAiu —>■ C^VAir, in notations from Lemma\4.21 



Now we show contravariancy for the categories C^VAix- Let z : 5* C T be a regular 
embedding of varieties; then there is a symmetric monoidal functor 

i* : VMt = VM'r VMs 

where Ai'rp is a subcategory in Air of O^-flat coherent sheaves. The composition of 
7t : {AtT)iso VAir with i* is canonically isomorphic to a functor that sends a 
coherent sheaf JF on T to the object '^i{—^Yl{Xor'^'^{J^,Os))- By Lemma r2.29[ the 
last condition defines the functor i* up to a unique isomorphism. 
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Proposition 4.23. For each p > 0, there exists a collection of compatible functors 
il : CWMt CWMs such that i* = i* . 

Proof. We use deformation to the normal cone (see [13] )• Let M be the blow-up of 
5'x{oo}inTxP^ and let M° = M\F{N), where denotes the normal bundle to 5" in 
T. Then we have M°|ai = T x and M°||oo} = A^, where = P^\{oo}. Combining 
Corollary 14.201 and Corollary 14.221 we get a compatible collection of functors i* as the 
composition 

CpvMt ^ C^YMtxa^ ^ C^VMn C^VMs, 

where pr-r : T x A^ ^ T, prs : N —>■ S are natural projections, and {prs)~^ is an inverse 
to the equivalence pr^ : CWMs CWMn- □ 

Remark 4.24. Let s ^ subcategory in M.^ whose objects are coherent sheaves 
JF from M.^ whose support meets S properly. Then the composition of the natural 
functor {Ad^ g)iso C^V M.T with is canonically isomorphic to the functor that 
sends T in M^^^g to the object Y.i{-^YliJor^^ {J^ , Os))- 

Remark 4.25. Applying Proposition 14.231 to the embedding of the graph of a morphism 
of varieties f : X ^ Y with smooth Y , we get a collection of compatible functors 

/* : CWMy C^Mx- Combining Lemma 14.131 and Lemma 12.331 (iii), we get a 

- — p - — p 

collection of symmetric monoidal pull-back functors /* : CHy — ^ CH x- 

- — p 

Remark 4.26. The pull-back functors for the categories CHx are also constructed by 
J. Franke in ^12j by different methods: the categories CHx are interpreted as equivalent 
categories to categories of torsors under certain sheaves. Also, a biextension of Chow 
groups is constructed by the same procedure as below. It is expected that the pull- 
back functor constructed in op.cit. is canonically isomorphic to the pull-back functor 
constructed in Remark 14.251 By Proposition 14.311 below, this would imply that the 
biextension constructed in op.cit. is canonically isomorphic to the biextension Pe- 

Remark 4.27. By Lemma 12. 21^ for a smooth variety X over an infinite perfect field fc, 
there is a canonical equivalence 

Picard(r>(p_i)r<p 

Moreover, the Picard categories on the left hand side are canonically contravariant. This 
gives another way to define a contravariant structure on the Chow categories (note that 
the Godement resolution for a sheaf K,p is not enough to do this). 

For three varieties i?, 5, T, a collection of compatible distributive functors from 
CWMr X CWMs to C'p'^WMt, p, g > is defined analogously to the collection 
of compatible symmetric tensor functors. 

Corollary 4.28. Let X be a smooth variety. There exists a collection of compatible 
distributive functors 

CWMx X CVMx C^+WMx 
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such that for p = q = 0, the composition of the corresponding functor with the functor 
{Aix)iso X {■M.x)iso VM.X X VM.X is canonically isomorphic to the functor (JF, Q) t— >• 

E.(-i)^7(rorf-(^,^)). 

Proof. The exterior product of sheaves defines an collection of compatible distributive 
functors 

C^VMx X CVMx C^+'Mx^x. 
Applying Proposition 14.231 to the diagonal embedding X C X x X, we get the needed 
statement. □ 

For algebraic cycles Z = rriiZi, W = J2j ^j^ji P^^ 

{Z,W) = det{Y.,,,rn,n,RV{X,Oz, Ow,))\{Q}.) 

Proposition 4.29. Let X he a smooth projective variety of dimension d. Then for 
p + q = d + 1, there is a biextension Pdc of (Cif^(X)', Cif^(X)') such that the fiber 
Pdc\(z,w) is canonically isomorphic to the k*-torsor {Z,W). 

Proof. By Lemma r2.33l (iv). the collection of compatible distributive functors from Corol- 
lary 14.281 defines a collection of distributive functors 

p q p+q 

C H X C Pi X — ^ ^ ^ X ■ 
for all p, g > 0. If p + g = + 1, then we get a distributive functor 

(-, : Ch"^ X Ch\ ^ ChT = C-^'VMx ^ VMx ^ VM^. 
Moreover, by Remark iHl, we have (Z, W)pg = (0, (Z, W)). 

Consider full Picard subcategories {CH x)' C CH x whose objects are elements Z G 
Z'P{Xy and the restriction of the distributive functor (-, ■) to the product {CH x)' x 
{CHx)' ■ Applying Lemma [2.35[ we get the next result. □ 

Finally, let us compare the biextension Pj:,c with the biextension Pe- With this aim 
we will need the following result. 

Lemma 4.30. Let X be a smooth projective variety of dimension d, p + q = d + 1, 
let Y G X be a codimension p — 1 irreducible subvariety, f G k{Y)* , and let W <Z X 
be a codimension q irreducible subvariety. Suppose that Y meets W properly and that 
|div(/)| P\W = 0. Then f defines a isomorphism div(/) in CHx, hence a morphism 
a{f) : k* = (0, W) (div(/), W) = k* such that a{f) = f{Y n W). 

Proof. By Remark 14.141 and in its notations, the action of / in question is induced by 
the exact sequences 

^ Oy{-D^) -^Oy-^ On^ ^ 0, 

and the isomorphism / : Oy{—Doc) Oy{—Dq). Moreover, vr : F — » y is an iso- 
morphism outside of Dq U Doo, so a{f) is induced by the automorphism of the complex 
Oy given by multiplication on /. Applying the functor deti?r(— ), we get 

f{YnW). □ 
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Proposition 4.31. The biextension P^c "is canonically isomorphic to the hiextension 
Pe- 



Proof. Let T C Z'^i^X)' x be the bisubgroup that consists of pair (Z, W) such that 

|Z| n = 0. Suppose that (Z, VT), (Z', W) are in T and that Z is rationally equivalent 
to Z' . By Lemma [2^61 we may suppose that there is a /^i-chain e 1) such 

that div({/^}) = Z' — Z. By Lemma |4.30[ we immediately get the needed result. □ 

Combining Proposition l4.31l Proposition 14. 31 and Remark l4.6l we obtain the following 
statement. 

Corollary 4.32. Suppose that X is a complex smooth projective variety of dimension d, 
Z e ZP(X)hom, W G Z'^{X\om, p + q = d + 1; then there is a canonical isomorphism of 
the following C*-torsors: 

• det RT{X,Oz®^^ Ow)\{0}; 

• the set of isomorphism classes of all integral mixed Hodge structures V whose 
weight graded quotients are identified with Z(0), H'^^^^ {X) (p) , Z(l) and such 
that [V/W^2V] = [Ez] e Ext^(Z(0),/72p-i(x)(p)), [W^,V] = [E^,] G 

Ext],{H'P-\X){p),Z{l))- 
Question 4.33. Does there exist a direct proof of Corollary 14.321 .'^ 

The present approach is a higher- dimensional generalization for the description of 
the Poincare biextension on a smooth projective curve C in terms of determinant of 
cohomology of invertible sheaves, suggested by P. Deligne in [TT]. Let us briefly recall 
this construction for the biextension V of (Pic''(C), Pic°(C)) by k*. For any degree zero 
invertible sheaves £ and Ai on C there is an equality 

V^icUM]) = {C-Oc,M- Oc) = det i?r(C, C®OcM-C-M + 0c))\{O}, 

where [■] denotes the isomorphism class of an invertible sheaf. Since £ ®Oc ~ 
= x{C,M) = l-g, this A;*-torsor is well defined on Pic°(C) x Vic^{C). Con- 
sider a homomorphism p : Pic°(C) x Div°(C) Pic°(C) x Pic°(C) given by the formula 
{[C\,E) f— > ([£], [OciE)]). Then there is an isomorphism of A;*-torsors (p : p*V = V, 
where V is a biextension of (Pic'^(C), Div°(C)) by k* given by the formula V(^[c] e) ~ 
( (S) C\x°'^'^''^^^)\{0}. Thus if induces a biextension structure on p*V] it turns out that 

this structure descends to V. Moreover, in op.cit. it is proved that the biextension V 
is canonically isomorphic to the Poincare line bundle on Pic°(X) x Pic°(X) without the 
zero section. 

Claim 4.34. In the above notations, the biextensions V and Pdc o'^e canonically iso- 
morphic. 
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Proof. Consider a map vr : Div (C) x Div (C) — >• Pic (C) x Pic (C) given by the formula 
{D,E) f— > {[Oc{D),Oc{E)]). There are canonical isomorphisms of A;*-torsors 

7i*V={(S) OciD)\T''^^^^)\{0} = ((g) Oc(x)|f°'^^^^''^+°'^''^^''^))\{0} ^ 
xec x£C 

^(Eor4.(D)a, Eord,(i?)C»,). 

x&C y€C 

Besides, these isomorphisms commute with the biextension structure. It remains to 
note that the rational equivalence on the first argument also commutes with the above 
isomorphisms (this is a particular case of Lemma F4.30p . □ 

Remark 4.35. For a smooth projective curve, the biextension Pkc from Section 14.31 
corresponds to a pairing between complexes given by a certain product of Hilbert tame 
symbols. Combining Proposition 14. 9[ Proposition 14. 3H and Claim 14.341 we see that 
there is a connection between the tame symbol and the Poincare biextension given in 
terms of determinant of cohomology of invertible sheaves. In [IS] this connection is 
explained explicitly in terms of the central extension of ideles on a smooth projective 
curves constructed by Arbarello, de Concini, and Kac. 



4.5 Consequences on the Weil pairing 

Let X be a smooth projective variety of dimension d over a field k. As above, suppose 
that p,q > are such that p + q = d + 1. Consider cycles Z E Z^i^X)' and W G Z'^(X)' 
(see Section 14.11) such that IZ = div({/^}) and IW = div{{g^}) for an integer / G Z 
and i^i-chains {Q G G'pf(X,l), {^J G Gj'^^(X,l) (see Section By [Z] and 

[W] denote the classes of the cycles Z and W in the groups CH^^X) = Hp{X, Kp) and 
CH'^{X) = H'^{X,]Cg), respectively. As explained in Example 13.101 the Massey triple 
product in i^-cohomology 

m,i[Z], /, [W]) G H'^iX, /C,+i)/([Z] . H^-\X, /C,) + H^'^X, /C^) ■ [W]) 

has a well defined push- forward m3([Z], /, [VT])) G fii with respect to the map 
TT* : H'^{X, ICd+i) k*, where vr : X — Spec(A;) is the structure morphism. 

Combining Lemma 13.71 Example 13.101 Proposition 14.91 and Proposition 14.31 we get 
the following statements. 

Corollary 4.36. 

(i) In the above notations, we have 

ms{aj,pY-'^'' = llUvnw) ■ llg^\znO = M[zi [W]), 



where (j)i is the Weil pairing associated with the biextension Pe from Section 4-1 
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(a) If k = C and Z G ZP{X)hom, W G Z'^{X)hom, then we have 

M[z]AW]) = <PriAJ{z),Aj{w)), 

where 0P is the Weil pairing between the l-torsion subgroups in the dual complex 
tori J^P-\X) and 

This is a generalization of the classical Weil's formula for divisors on a curve. The 
first part of Corollary 14.361 was proved in without considering biextensions. 
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